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A C O M B I N E D D E A - S T O C I I A S T I C F R O N T I E R A P P R O A C H T O 
LATIN A M E R I C A N A I R L I N E E F F I C I E N C Y E V A L U A T I O N 

I. I N T R O D U C T I O N 

This paper introduces some new approaches for evaluating efficiencies and 

identifying and estimating stochastic frontier production functions. These ap-

proaches arc based on combinations of Data Envelopment Analysis - DBA 

(Charncs, Cooper and Rhodes, 1978) with regression and associated statistical an-

alyses. Latin American Airlines are used to provide a concrete setting which is also 

of interest in its own right. 

To start, we take advantage of a Delphi study which, as reported in 

(iallcgos (1991), was conducted to identify goals and measures of performance used 

by Latin American airlines. The evidence from this study, showed no significant 

di(Terences between the goals reported by private and state-owned Latin American 

airlines. This finding is used to justify including SOL and private airlines in a single 

study (a) to measure the relative efficiency of individual Latin American airlines 

without respect to ownership, while (b) retaining the option of examining whether 

our DBA analyses permit us to identify diiTercnccs in the efTiciencics displayed by-

private and public airlines. In an extension of these comparisons, U.S. airlines op-

erating in Latin America will be brought into the picture and their performance 

compared with Latin American based airlines. 

An important feature of this paper is that various methods are employed 

and then used in combination with each other. These methods include Data 

Envelopment Analysis (DEA) Ordinary Least Squares Regression (OLS), Goal 
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Programming Front ier Regression ( G P / F R ) , and, finally, Generalized Linear Re-

gression Models ( G L M ) and DBA combina t ions . Proceeding in this manne r makes 

it possible to (a) cross check results f rom these various methodologies , (b) study 

possible discrepancies between these results, and, c) examine how these different 

techniques can be combined to obtain results that differ f rom what might be ob-

tainable f rom any of them alone. In this development , we will also see howr current 

difficulties frequently experienced by others may be resolved with increasingly sat-

isfactory results fo rm economics and m a n a g e m e n t s tandpoin ts as more reined sta-

tistical methods arc introduced.1 

2. I N P U T A N D O U T P U T S E L E C T I O N A N D D A T A 

To simplify mat ters and facili tate proposed compar isons and syntheses, 

we represent the produc t ion funct ion of Latin amcrican airlines in terms of a single 

ou tpu t and three inputs . Reduct ion to a single ou tpu t provides ready access to least 

squares regressions and other s tandard statistical techniques we will be using. We 

also wan t to mainta in contac t with other approaches to stochastic f ront ier model 

es t imat ion, which have, by and large, been confined to the single ou tpu t case.2 We 

therefore conceptual ize our study in terms of an "industry" p roduc t ion func t ion 

which is interpreted as (a) a well defined funct ion which generates a single ou tpu t 

f rom designated inputs , and (b) is available to all firms in the industry. Using the 

results f rom our Delphi study (Cooper , Gal legos and Granof , 1990), we do not 

distinguish the pr ivate f rom the SOL produc t ion funct ions but ra ther we use the 

results secured f rom the archival data we now use to check fur ther on whether dif-

1 See, e.g., Varian (1990) who argues that is is "economic significance" rather than "statistical 
significance" what we should be seeking. See also Afriat (1972) who argues that "an 
FAiclidean least squares metric is devoid of economic significance." 

2 Sec Appendix B for a review of the Stochastic Frontier Production Function Literature. 



icrcnccs in efficiency appear between these 2 groups. Focusing on the production 

function allows us to avoid troubles we would encounter, as already noted, to deal 

with the prices that would need to be used with cost or profit functions. Addi-

tionally we also focus on technical and scale efficiency issues which are common to 

both.3 

The single output we use, ' ' ton-kilometers performed," as obtained from 

ICAO's (International Civil Aviation Organization) data base in Montreal , Canada, 

is a commonly used measure which combines passenger and freight traffic. We 

employ annual data which cover a period of eight years f rom 1981 to 1988, as re-

corded in the first column or the Appendix A. This measure of output is stated in 

physical units rather than the corresponding monetary units in order to avoid the 

need for dealing with the very high varying inflation and exchange rates, with re-

lated difficulties of t reatment, that arc prominent features in the majority of the 12 

different countries included in our study. 

To the extent possible we also confine ourselves to physical rather than 

value units for the input, measures. Hence, the data for "labor" in column 2 of the 

Appendix A are stated in terms of total number of employees. Again we avoid 

breakdowns into more refined categories such as airport vs airline operation per-

sonnel, e.g., as in Banker ct al. (1990) and Sickles et al. (1986). This is done be-

cause a major objective of this paper is to develop a new approach to stochastic 

frontiers. We therefore simplify matters as much as possible, while still retaining a 

production function which is meaningful, to obtain results that will also prove use-

ful in the next chapter when further detail will be introduced via the multiple-input 

to mult iple-output method of Data Fnvelopmcnt Analysis. 

3 For this notion of a production function, see Samuclson (1947), Chapter IV Also see 
Carlson (1956) and Sato (1975) for a discussion of the relation between such industry 
functions and the functions which arc applicable to a 'representative firm." 



A sccond input category wc use is " fuel / ' D a t a on consumpt ion of fuel in 

physical units are not available for the airlines we arc studying. I C A O ' s Digest of 

Statistics - Scries F - Financial provides da ta on expenditures for fuel and oil bo th 

in domest ic currency and in U.S. dollars. For our purpose the latter is employed 

since (a) it is the unit in which fuel and oil arc commonly traded internationally, and 

(b) it is already in a c o m m o n unit of measure which makes possible the compar isons 

we arc seeking. W c do not need to ad jus t this for dollar inflation or deflat ion be-

cause our interest is in relative ra ther than abso lu te measures of efficiency; i.e. wc 

will generally be studying the efficiency of each airline relative to the other airlines 

operat ing in Latin America in the same period of time. It mus t be noted, however, 

that a l though airlines f rom non- oi l -producing countr ies are generally subject to the 

same world market prices for fuel (also generally denomina ted in U.S. dollars), air-

lines from oil-producing countr ies tend to purchase fuel at a substantial discount 

f rom their governments . 4 

Finally, for input of capital we use "available ton-ki lometers" (i.e., a 

measure of capacity) as a surrogate. These da ta , as conta ined in column 4 of the 

Appendix A, represent the number of tons available for the carriage of passenger, 

freight and mail multiplied by the n u m b e r of kilometers flown. S tandard conversion 

factors are used to reduce these different types of carriage to a c o m m o n unit as 

follows: the number of seat-kilometers available for passengers is multiplied by 90 

kil os (— 198.4 pounds at 2.204 pounds per kilo). I his multiplier allows for free and 

excess baggage in con fo rmance with a widely used internat ional s tandard which 

reckons a typical passenger at 75 kilos with 16 kilos of baggage on long-haul routes 

and 10 kilos of baggage on domest ic or shor t -haul routes. Freight and mail ca-

4 As will be discusscd later in the chapter, there appear to have been significant substitutions 
between fuel and the other inputs we are considering during the eight-year period of our 
study. 
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pacity is measured either in cubic meters or tons and is converted into tons by em-

ploying standard cargo-density and weight conversion factors. 

3. P R O D U C T I O N F U N C T I O N R E G R E S S I O N E S T I M A T E S 

As a start, we use classical (interior point) least squares regressions to es-

timate our production function but our subsequent attention will be directed to 

adaptations for the study of stochastic frontiers. Studies focusing on frontier rather 

than ccntral tendency estimates have become increasingly numerous and the reports 

from this research arc scattered over many literatures.5 

A Cobb-Douglas production function of the following form is used, 

(1) y = acalPf c 

where y represents ton-kilometers transported, c represents capacity or available 

ton-kilometers, I represents labor, and / f u e l consumed. The parameters to be esti-

mated are a, a, /?, and y — where the exponents, represent the output elasticities of 

each input. Finally c is the error term representing statistical noise, which is as-

sumed to follow a log-normal distribution. 

Employing logarithms, (1) can be rc-writen as 

(2) In y = In a + a In c 4- /? In /4 - y In / + In c 

5 For a review of this literature see Gallcgos (1991) 



As Ileicn (1968) notes , it is known f rom statistical dis tr ibut ion theory tha t if I n s is 

normally distr ibuted in (2), then r, is log-normally distr ibuted in (1). This is the 

route we now follow to obtain access to classical statistical theory by assuming tha t 

In c is normally distr ibuted. The usual , or ordinary, least squares approach was 

applied via (2) to the data recorded in columns (1) th rough (4) of Appendix A to 

obta in est imates o f a , / ? , y and a, with the results por t rayed in column 1 of Table 

1. where the following points s tand-out : 

• Positive and statistically significant values for capacity (p < 0.001) and labor 
( P < 0.1). 

• The exponent for fuel in (2) is negative bu t not statistically significant. 

• The cons tan t a does not achieve statistical significance. 

• A high R7 is obta ined, bu t 

• A high condit ion number indicates the presence of collincarity. 

• A low Durb in -Wa t son statistic indicates autocorre la t ion in the error term.6 

Some of these results such as collincarity and autocorre la t ion arc trou-

blesome f r o m a statistical s tandpoin t . Others , like the negative value for fuel are 

t roubl ing f rom an economic point of view in tha t lack of significance suggests 

y = 0, which means tha t ou tpu t is independent of the a m o u n t of fuel used. This is 

disturbing, to say the least, and the al ternat ive of a negative gamma value would 

imply tha t ou tpu t declines with fuel input , which would be even more disturbing. 

For perspective and possible insight on what is happening, we next em-

ploy the following linear form, 

6 Since we are using a data set which combines cross sectional and time series data, the use 
of the Durbin-Watson statistic here is only indicative. Later in this chapter the Fuller and 
Batesse (1974) methods of estimation are employed to account for heteroscedasticity and 
autocorrelation. 



TABLE 1 
STOCHASTIC AND NOT STOCHASTIC MODELS 

POOLED DATA 1981 - 1988 

WITHOUT EFFICIENCY 
ADJUSTMENTS 

WITH EFFICIENCY 
ADJUSTMENTS 

TYPE OF 
PRODUCTION 
FUNCTION 

(1) 
Cobb-

Douglas 
OLS 

(2) 
Linear 

OLS 

&) 
Cobb-

Douglas 
GP 

(4) 
Linear 

OLS 

(5) 
Cobb-

Douglas 
GP 

Number of Observations 88 88 88 . 88 88 

Parameters 
Constant a 1.28 12,452.00 

4c 
0.162 - 1,221.3 1.644 

Alpha (Capacity) 0.88*** 0.52*** 1.170 0.54*** 0.689 
Beta (Labor) 0.08* 5.28 -0 .110 7.24 0.145 
Gamma (Fuel) - 0.001 - 0.037*** - 0.029 0.38* 0.166 
Returns to Scale 0.96 1.031 1.01 
Regression Diagnostics 

R square 
Condition Number 
Durbin Watson 

0.994 
110 

0.64 

0.996 
18 

1.05 

0.995 
17 

0.93 

*** statistically significant p < 0.001 
** " " p < 0.05 

p < 0.1 

(3) y = a+ac + pl+yf+c, 

and estimate its coefficients f rom the same data by OLS (ordinary least squares). 

This time, as shown in column 2 of Table 1, a positive and statistically significant 

value was found for capacity and a positive value for labor. Again, however, a 

negative value is found for fuel, and this time the situation is reversed. The labor 

coefficient does not attain statistical significance whereas the negative value esti-

mated for the fuel coefficient in (3) is highly significant. The condition number and 

Durbin Watson statistic show an improvement , but this is not very reassuring given 

what was just said about the labor and fuel results. Finally, the very large intercept 

value shown for a in column 2 of Table I, which is significant at less than p = 0.1, 



suggests that the linear form is unsuitable since this intercept value implies an 

ability to deliver ton-kilometers of performance even when all inputs are zero. 

We now turn to a mathematical (deterministic) approach along the lines 

of Aigner and Chu (1968) -- sec also Farrcll (1957) - in order to explore whether 

the source of these troubles might lie in mixtures of efficient and inefficient behavior 

which are likely to be present in the interior points which these least squares re-

gressions reflect. For this purpose we replace (1) with 

(4) 
<* cn 'ufit 

and require Slt > 1 for all / and / so that In 6it > 0. 

Note that SIF can be regarded as the "distance'' f rom any observation to the 

frontier. We have subscripted these 5it values (which are to be estimated f rom the 

data in Appendix A), in a manner that will enable us to identify them with ineffi-

cicncics for each firm i in every period t relative to the industry production function 

that is obtained via our estimates of the parameters A, a, (I, and y, which are as-

sumed to hold across all firms for the periods we are considering. Our objective is 

to obtain estimates 

which we can relate to the observations^, , via 



(6) y-„ = 
a c" fi 0-U Ì1 llt Jit 

A 

5„ 

so that , with (5f, > 1, wc will always have 

(7) >',-,< i V 

In other words, every est imate o f j ^ , is to be at least as large as the corresponding 

observat ion, and thus, mathemat ical ly speaking, our est imates reflect the proper ty 

of a product ion funct ion -- viz, o u t p u t is always maximal f rom every input combi-

nat ion utilized.7 

For est imation purposes we apply a logari thmic t rans format ion to (4) and 

obtain 

A A A A A 

(8) In yit = In a + a In cit -f fi In lit + y \nfu — In <5 

to represent the const ra ints which our est imates are to satisfy relative to these ob-

servations yi(. To determine these est imates we apply the following "goal program-

ming" model to the data in appendix A. 

7 See Chapter 1 in Rhodes (1978) for detailed discussions and reviews of the classical litera-
ture based,on this definition of a production function as formalized in Samuelson (1947). 
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n T 

mill Y j Y j 
/ = \t = 1 

(9) suhjcct to: 
A A A A A 

In yi( = In a -f a In cit + /> In lu + y \nfit — In 5it 

In fin > 0, / = 1, ... , n\ t = 1, ... 

This, it may be observed, yields a f ront ier func t ion because only one-sided devi-
A 

at ions are permit ted via the condit ion In Sit > 0 which is to be satisfied in each 

constra int . 

As shown in Charnes , Coope r and Ferguson (1957), this problem of ine-

quality constrained statistical es t imat ion can be t reated as an ordinary linear pro-

gramming problem in order to obtain the desired coefficient estimates.8 Interpreted 

in goal p rogramming terms, the objective is to come "as close as possible" to all 

observat ions with In <5„ > 0 ensuring tha t we will always have 

A A A A A (10) In j;f7 < In at 4- a In cit 4- /? In lit -f y In fit = 

so tha t (7) is also satisfied by the est imates. In fact, via the constra ints in (9), 

A A 

(11) lnj>if = l n y u - In 5it 

and In <5a > 0 is interpreted as an ou tpu t shortfall associated with the observed v,f. 

Tha t is, each such positive value is interpreted as an inefficiency in the ou tpu t of 

firm i in period / relative to wha t it should have been able to obta in by reference to 

8 In Charnes, Cooper and Sueyoshi (1988), this kind of goal programming formulation also 
extends to estimating simultaneous as well as single regression relations. 
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the industry product ion funct ion which, under classical assumpt ions in economic 

theory, is hypothesized to be available to all firms in the industry.9 

Via the inverse logari thmic t r ans fo rmat ion , In > 0 gives 

A 
(12) d ^ f , = .)<„ 

A 

with strict inequality holding in (7) whenever b i t > 1. Thus for the Cobb-Doug la s 
A 

funct ions , inciTicicncy, in natura l units, is associated with SIT > 1 in the per formance 

of firm / in period /. 

One purpose of our use of goal p rogramming is to identify the presence 

of inciTlcicncics as a possible source of some of the t roubles wc have been en-

countering. Column 3 of Tabic 1 presents the results of this effort . Tests of sta-

tistical significance are not available for use with this app roach and so none are 

reported. However , the est imates of the parameters for the industry produc t ion 

funct ion arc again unsat is factory since the values of the exponents associated with 

labor and fuel arc bo th negative.10 W e conclude that with all inefficiencies located 

in the ou tpu t , this app roach does not help to correct our t roubles and so we turn 

next to the inputs. 

9 Cf. Sunc Carlson (1956). An alternative interpretation of the industry production (and 
cost) functions, which is also classical, but allows for differences between firms, may be 
found in Sato (1975). 

10 It would be possible to introduce constraints to eliminate the possibility of such negative 
values, but our purpose here is oriented more toward the use of these goal programming 
models to locate possible sources of the troubles encountered in our statistical regression 
approaches. 



4. A D E A E F F I C I E N C Y T H E O R E M 

Data Bnvclopmcnt Analysis, as introduced by Charnes, Cooper and 

Rhodes (1978), provides a means for identifying both input and output values 

which are technically inefficient and it also provides formulas for effecting 

projections to an efficient frontier in a manner that eliminates any technical ineffi-

ciencies that may be present. A variety of DBA models arc available for this pur-

pose but here we focus on the following which is called the linear programming 

equivalent of the CCR ratio form: 

/ m s 
+ 

m i n ° - r \ X /* ' + 

\/ = 1 r= 1 
subject to 

ri 

(13) Oxio = ^XyXj + i = 1,... , m 
7=1 

n 

•Vrf) = X V v _ = 1 , . . . , 
r = 1 

h o < ; ^ , V /,/> 

Here the and yrj are input and output values, respectively, for each o f j = 1,... , n 

D M U s ( = Decision Making Units)-- viz., the organization entities responsible for 

transforming the observed amounts of / = 1 , ... , m inputs into the observed 

amounts of ;* = I , . . . outputs, x ^ a n d ^ represent the observations for one of 

these n DMUs , which is designated as DMU 0 , and positioned in the objective of 

(13) to have the technical efficiency of its performance evaluated relative to the 

performance of all of the D M U s (including itself) which are represented in the 

constraints. 



The following two requi rements arc necessary and sufficient for efficiency: 

(14) 
0* = 1 

s~* = = 0 V /, r 

where the symbol "*" designates an op t imal value. These requirements arc related 

to the projection formulas we use, called the " C C R project ion formulas" (Charncs , 

Cooper , and Rhodes , 1978), which arc represented as follows 

with < x,n a n d ^ >>Vo for every i and r. Strict inequali ty for some / or r, implies 

an input excess or an o u t p u t shortfal l , and can occur only when the condi t ions (14) 

are not fulfilled. Fur the rmore , as proved in Charnes , Coope r and Rhodes (1978), 
A A 

the x;o and yro obtained via (15) represent points on a facet of an efficient frontier. 

That is. A*,!), yrQ represent points on the efficient f ront ier obta ined via project ions of 

the original D M U n data . Hence the n a m e C C R project ion formulas given to (15). 

The possibility of a l te rna te op t ima makes it impor tan t to ensure tha t the 

slacks and 0 values in (14) are bo th really opt imal . This is accomplished by means 

of the non-Arch imedean cons tan t c > 0 . n This "very small" positive cons tan t is used 

to ensure tha t the sum of the slacks in (13) arc maximized wi thout influencing the 

11 'The choicc of r. for this non-Archimedian constant conforms to common usage in the 
DFA literature and should not be confused with the earlier use of t for the error term in 
the statistical models we discussed, which conforms to common usage in this discipline. 

n 

(15) 

j = 



minimizing choice of 9. That is,the minimization of 0 is given "preemptive" status 

relative to the maximization of the sum of the s l a c k s . ^ 

This preempt ion and its associated opt imizat ion may be accomplished in 

a variety of ways. Bccausc we are using the IDHAS (In tegra ted Da ta Envelopment 

Analysis) code of Iqbal Ali (Ali, 1990), we find it advan tageous to treat c, via the 

two stage approach which he uses as follows. In stage I we replace (13) with the 

following (ordinary) linear p rog ramming problem: 

min 6 
subject to 

n 

0xin> ¿ ^ y / = l s . . . ,/?i 
(16) n 

yro < r = 1,. . . 
7=1 

0 < k p 7 = 1 , . . . , « 

Af te r securing an op t imum 6 = 0* for (16), a second stage opt imizat ion is 

under taken in which the sum of the slacks is maximized or, cquivalently, their neg-

atives are minimized in the following problem: 

12 See Charnes Cooper and Ijiri (1963) for further discussion of preemptive versus relative 
and absolute priorities. 



m s 

min ~ E ~ 
/ = 1 r = 1 

subjcct to 
n 

0 = xi0fl - ) xyL - i = 1, ... , m 
( n ) / r ! 

n 

= 1 

o < i7-, V / J , /• 

JVo = Z - A •/ ~ ^ , r = 1, ... , s 
7=1 

As should be evident, the sum of slacks is maximized in (17) without allowing any 

alteration in the value of 0* = 0 obtained f rom (16) because the constant in this 

constraint is imposed as a condition to be satisfied by any solutions to (17). Ali 

(1990) uses the above formulation to obtain a single condition for efficiency to re-

place the two conditions in (14). This is accomplished by introducing the following 

problem which is dual to (17): 

s 
m a x — olO* 

r = 1 
subject to 

.v m 
0 > y vryrJ - Y j W v J = '»•••> n 

(18) 

0= - « 

r — 1 /=1 
m 

i= 1 
1< Vr, 
1 < M/» / = 1, ... , m 

Via the dual theorem of linear programming we can relate the opt imum 

solutions of (17) and (IS) via 
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m s s 

/=I r=\ r=] 

From the constraint associated with oc in (18) we have 

m 
(20) a" = 

i = 1 

Hence, dividing (19) by a* and rearranging terms gives 

m s s 

(21) 0 * - 1 - ' w — = ^ 

Z* v 1 * 

/ = 1 / = 1 

The expression on the right in (21) is in the form of a generalization of the 

usual science-engineering output- to- input ratio form for calculating efficiencies. 

The 

term on the left, which Ali (1990) symbolizes as i (—iota), gives rise to the 

following single condition for efficiency: 

(22) D M U 0 is efficient if and only if i* = 1, 

where z* is an optimal value of iota as given by the differences between the two 

terms on the left of (21). 



One may use either (14) or (22) to characterize the efficiency of any 

PMUn but it needs to be recognized that the optimal i* is classificatory. That is, 

< 1 means that DMU n is not efficient, but the numerical value of this i* docs not 

specify an amount of inefficiency that can be locate in any particular output or in-

put. On the other hand the component values, as given in (14), may be used for this 

purpose as in (15) to obtain estimates of the amounts of inefficiency in each input 

and output via 

so that, alternately, Axl0 = s { and A yro = s r . 

We wish to make use of the efficiency adjustments as represented in (23) 

for the further regression studies we will undertake in the next section. For this 

purpose we introduce the following theorem for use with the above models: 

Theorem: At least one A xlV = 0 and at least one Ay^ = 0 in any optimum. 

Proof: it will suffice to work with (16) and assume that we have an optimum 
solution so that 

(23) Axlo = 6 Xtf — xìo> 0» ' = I , . . . , m 

AJlo ~ J/o ~~ JVfl ^ 0, r — a. r= 1, . 

n 
n* ^ \ i* P xi0 > , / = 1, ... , m 

j= i 
n 

o < ;7*, j= i /i 

Because > 0, all r, we must have some Ì* > 0. It is obvious that 
n 

7=1 

for at least one i = 1, ... , m. Similarly, we must have 
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n 

JVO = ^J'rjKt 
7 = 1 

for at least one r = 1, ... , s. For suppose, on the contrary, that we could have 

n 
< Yj'rjtf* r = 1, ... 

But then we could choose a factor 0 < k < 1 and obtain 
n n 

JV) < < ^ V r / J , r = 1, ... , 5 
7=1 7 =1 

n n 

0*xn > JTxf/tf >  i = • '  m 

7=1 7=1 

with strict inequality obtainable in all of the last i = 1,... , w of these ex-
pressions because all terms are positive and the functions arc continuous. It 
follows that we could then choose a new 0 < Q* such that 

0xm > ^ x ^ l j k , i= 1, ... , n 
7=1 
n 

y r t ^ ^ V r j t f k , r = i , . . . 
7=1 

and hence 0* could not have been minimal. Q.E.D. In fact, we can 
operationalize this by choosing 

k = max<( , r = 1, ... , s 

7= 1 

which is permissible since 0 < j v 0 < With this choice we will have 
at least one of the output cons t ra in ts Satisfied as an equation. Hence we have 
proved that at least one A Jtf0 = 0 and at least one Ay* = 0 in any optimum. 



As a corollary to this theorem in the single output ease we must always 

be on an cfTicicnt frontier with all output incfficicncics eliminated -- e.g., via the 

CCR projection in (15). In the next section we will therefore be able to concentrate 

on input inefficiencies which arc the only kind of incfficicncics that can occur in the 

single output case. We can conclude this section by observing that the choice of X 

values envelops DMlJo's input data from below, as is evident from the full col-

lection of / = 1, ... , m constraints in (16), and its output data are enveloped from 

above. According to our theorem there is also a touching of these data from above 

and below, and this is also in the manner of an envelope, and hence justifies the 

name Data Envelopment Analysis given in Charnes, Cooper and Rhodes (1978). 

5. D E A E F F I C I E N C Y A D J U S T M E N T S 

We now employ the above DEA theorem, which in the single output case 

may be called the "no output inefficiency theorem," to obtain adjustments for use 

in a new approach to parametric regression estimation that will incorporate con-

siderations of economic theory in our input choices. We then relate this approach 

to statistical principles that underpin the classical regression approaches we use. 

Using the CCR model for DEA discussed in the preceding section, we 

obtain estimates of the inputs of labor, fuel, and ton-kilometers of capacity "re-

quired" to obtain the observed outputs that are recorded in column 1 of the ap-

pendix. These values, as recorded in columns 5, 6, and 7 of the table in the 

appendix, represent the input amounts required to obtain the observed outputs 

under efficient operations. In row 1, for example, which corresponds to 

Aeromexico in 1981, only 9,036 personnel of all kind would have been used in place 

of the reported 10,532 persons if operations were at their DEA efficiency values. 

Similarly S32,505,000 of fuel and 999,930 ton-kilometers of capacity would replace 
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the reported values of $36,264,00 for fuel and 1,111,570 ton kilometers of capacity 

( = capital) reported. N o ad jus tmen t needs to be made for the observed ou tpu t , viz., 

661,213 ton-ki lometers flown by AcroMcx ico in this period since, by our "no ou tpu t 

inefficiency theorem," this value will lie on the efficiency front ier associated with the 

thus adjusted inputs. 

Replacing the observed inputs for all airlines by their efficiency adjusted 

values produces the new regression est imates noted in co lumns 4 and 5 of Table 1. 

As can be seen, sat isfactory results appea r bo th for the linear regression, using or-

dinary least squares, and a C o b b - D o u g l a s fo rm of product ion funct ion with esti-

mates obtained f rom the goal p rog ramming approach discussed in association with 

(4) ff. in section 4, above. Indeed, allowing for the fact tha t the intercept value is 

not significantly different f rom zero, the linear funct ion intersects the origin as re-

quired in the classical economic theory of product ion. 1 3 

In the developments tha t are usual in economics, the achievement of 

technical efficiency is usually assumed to have been at ta ined as a preliminary con-

dition to examining other efficiencies such as efficiencies of scale, efficiencies of 

scope and allocative efficiency -- which are generally the topics of interest. Hence 

our approach conforms to the pos tu la tes of economics and it is confo rmance with 

these postula tes tha t produces results which are also in confo rmance with what is 

to be expected in the behavior tha t is of economic interest. 

To carry this analysis fur ther , we go back to the Cobb-Doug la s pro-

duct ion funct ion stipulated in (1) and rcest imatc it under a variety of approaches . 

In I able 2, co lumn 1 simply recapi tulates column 1 f rom Table 1 with the unsatis-

13 Ci. Shephard (1970) for axioms. Koopmans (1951) refers to the zero intercept condition 
as the "Land of Cockaigne Impossibility Axiom" in the classical theory of production -
viz., zero amounts of all inputs result in zero output. 
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factory results wc discussed earlier in the chapter. Column 2 records the parameter 

values secured after rcestimating (1) to obtain the results shown in the "Combined 

DKA-SF" column which uses efficiency-adjusted input values. Sincc these estimates 

arc secured via ordinary least squares we also use the corresponding statistical the-

ory to note that the elimination of input inefficiencies yields parameter values which 

are all satisfactory and brings them into statistical significance (p < 0.001). 

Our approach uses all of the data after effecting adjustments to obtain the 

efficient input amounts recorded in columns 5, 6 and 7 of the Appendix. This, 

however, is not the only way to deal with contaminat ions emanating f rom ineffi-

ciencies contained in the observed data. Thiry and Tulkens (1990), for example, 

follow Farrcl (1957) to suggest an alternate approach in which all of the inefficient 

observations are discarded. Under this approach, the efficient carriers are first 

identified using a DFA-likc method (as indicated by the "*" alongside the airline 

name and year in the tabulations included in the Appendix. The observations cor-

responding to inefficient carriers are then discarded. A "free of inefficiencies" pro-

duction function is then obtained by employing only the efficient observations. 

Following this approach, as suggested by Thiry and Tulkens, we employed 

ordinary least squares to obtain the estimates located under the column headed 

"Best Practice f rontier' ' in column 3 of Table 2. The results are not wholly satis-

factory sincc, once more, the exponent associated with fuel consumption fails to 

achieve significance, and this may be occurring because of the reduced number of 

observations, f rom 88 to 30, that occurs when this method is used. 

Finally, we have used the complement of the Thiry and Tulkens (1990) 

approach by using the (58 = 88 - 30) non-starred observations in the appendix to 

obtain what might be called an "Off-Frontier" (i.e., off-thc-efficiency frontier) pro-

duction function. As might be expected, the results which are shown in column (4) 
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TABLE 2 
RESULTS FOR THE COBB-DOUGLASS MODEL 

POOLED DATA 1981-1988 

TYPE OF 
PRODUCTION 

FUNCTION 

( i ) 
Neoclassical 

Average 
Production 
Function 

(2) 
Combined 

DEA-
Stochastic 
Frontier 

(3) 
Best Practice 

Frontier 

(4) 
Off-Frontier 

Average 
Production 
Function 

Number of Observ. 88 88 .30 58 

Parameters 

Constant a 1.28 

(1.28) 
1.78** 

(1.20) 

2.18** 0.57 

Alpha (Capacity) 0.88*** 0.75*** 0.76*** 0.97*** 
(0.04) (0.03) (0.05) (0.06) 

Beta (Labor) 0.08* 0.16*** 0.14*** 0.04 
(0.03) (0.02) (0.04) (0.05) 

Gamma (Fuel) - 0 .001 0.09*** 0.06 - 0.01 
(0.02) (0.02) (0.05) (0.02) 

Regression Diagnostics 
R square 0.996 0.996 0.993 0.997*** 

Condition Number 110 110 82 179 

Durbin-Watson 0.64 0.87 1.05 0.80 

Returns to Scale 0.96 1 . 0 0 * * * 0.96 1.03 

Ratios of Parameters 

Capacity/Labor 11 .0 4.68 5.42 n.m. 

Fuel/Labor n.m. 0.56 n.m. n.m. 

Capacity/Fuel n.m. 8.33 n.m. n.m. 

Number in ( ) indicates standard error 
*** statistically significant p < 0.001 
** " p < 0.05 

p < 0.1 
n.m.: not meaningful 

of Table 2 are even less satisfactory than the results obtained in any of the other 

cases thereby suggesting that it is the mixture of efficient and inefficient observa-

tions that is a source of the troubles located in column 1 of Table 2. 
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Having already noted tha t our ad jus tments coincide with what is custom-

arily postula ted with respect to technical efficiency in economic theory, we next 

turn to the assumpt ions underlying the classical OLS regression approaches we 

have been using. Here, too, we can obta in suppor t by not ing tha t the independent 

variables - i.e., the inputs - are assumed to be free of error. Following R.A. Fisher 

(1922), the originator of this app roach , the statistical errors are in the dependent 

variable. Stat ing this differently, the independent variables are to be chosen by the 

experimenter with all statistical errors located only in the dependent variable -

which in our case is represented by the ou tpu t values. In this classical approach to 

statistical regression and experimental design the objective is to identify possible 

"causal" relations between these o u t p u t values and the thus selected input values. 

In this way, as Fisher a m o n g others emphasized, it becomes possible to separate 

these causal relations f rom the statistical variat ions tha t generally accompany the 

kind of (controlled) experiments with which Fisher was concerned at the 

Ro thams tead Agricultural Hxperimental Stat ion in Kngland. 

General ly speaking social and managemen t scientists do not have access 

to the experimental controls t ha t formed the context in which Fisher developed 

these methods of regression es t imat ion and testing. This has led to a variety of at-

tempts to resolve these problems steming f rom applying experimental sciences' 

tools to non-exper imenta l sciences, such as economics.1 4 Mere we have added a new 

alternative in which the da ta are adjus ted to confo rm to the assumpt ions of pro-

duct ion theory in economics. 

It is per t inent now to discuss the use to be made of these estimates. The 

approach we arc suggesting differs f rom the one used by Fisher (and his followers). 

In their case the choices were to be made f rom the input ( = independent variables) 

14 Cf. e.g., C. Manski (1991) for a report on some of the developments in recent years. 
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side in conformance with the notions of causality and prediction which arc of cen-

tral interest to them. In conformance with the usual practices in management , 

however, we proceed in an opposite manner and effect our choices from the output 

side. That is, we sclcct an output value — or more precisely, an expected output — 

and then designate the inputs to be used in securing this output . This leads to what 

we may refer to as a "control model" in order to distinguish it f rom the kind of 

"causal model" which formed the center of attention for Fisher and his followers. 

Issues such as collinearity are then of less concern than might otherwise be the case 

since, as is evident in Table 2, the values recorded for the condition numbers, and 

the Durbin-Watson statistic, indicate that collinearity and serial correlation are 

probably both present. 

We return to this topic later in the paper. Here, however, we introduce 

Figure 1 to help clarify what we are suggesting and also to help tic things together. 

Consider a situation where we have 3 D M Us - w h i c h we associate with the coor-

dinates of points PI , P2 and P3 in Figure 1. Our interest centers on the DEA 

evaluation of P2, with its respective input and output coordinates (2,1) relative to 

the corresponding inputs and outputs for PI = (1,2) and P3 = (2,3). Applying (16) 

to these data produces 

min 0 
subject to 

(24) 20 > U , + 2A2 + 2A3 

1 <2A] + IA2 + 3A^ 
0 <AUA2,A3 

which has an opt imum with 0* = 1/4, A* = 1/2, and A* = A* = 0 

Geometrically D M U 2 ( = P2) which turns out to be inefficient at (2,1) is 

projected to the point (1/2, 1) which we associate with P2 at the intersection of the 



horizontal dotted line from (2,1) to the solid line f rom the origin through PI = 

(K2). 

This solid line represents the portion of the DEA efficiency frontier that 

is relevant to the input decision needed to achieve the one unit of output we plan 

to make. That is, assuming that we arc planning to obtain —i.e., expect to obtain 

— one unit of output , we designate 1/2 unit of input for this planned output value. 

This input amount is controlled, i.e., its value is designated without statistical error. 

On the other hand, when product ion is undertaken we need to allow for statistical 

error in the output we will secure, and this is indicated by the brace which we use 

to represent the corresponding confidence interval limits for the vertical broken line 

above and below (1/2,1) — with whatever confidence level we (or management) may 

sclect for this purpose. Just as we invoke the theory of hypothesis testing associ-

ated with our use of classical regression approaches, we also invoke the theory of 

estimation (including confidcnce intervals) that it also provides. 

Figure 1 
DEA EFFICIENCY PROJECTION 

CCR MODEL 
Output 

2 -

3 -

1 -

1 2 Input 
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This statistical usage of our results conforms to what is sensible for a 

managemen t approach —viz., inputs arc sclcctcd to accord with expected outputs . 

In confo rmance with economic theory these inputs arc required to be "technically 

efficient" input choices. Since these choices arc at the disposal of the experimenter , 

as independent variables, the results arc also in confo rmance with the canons of 

classical regression theory. We have no t t ampered with the ou tpu t values where the 

statistical errors arc to be found. I l cncc we also have access to the vast body of 

l i terature which has been developed for use when these canons are satisfied. 

The topic of relat ions with classical regression theory is treated in more 

detail below in section 7. In the next section we will examine what is required to 

extend (or qualify) these D F A / S F combina t ions . Here we conclude by observing 

that Figure 1 refers to the case of a single ou tpu t and a single input . Hence the 

input choice is unique. Tha t is, in this case the choice of an ou tpu t value on the 

efficiency frontier will uniquely designate a corresponding (efficient) input since the 

efficient frontier is mono ton i c and strictly increasing. However , this si tuation will 

not obtain when more than one input is to be selected. In such cases our point-

to-point mapp ing gives way to a mapp ing into an entire i soquant , which is associ-

ated with all input combina t ions tha t can p roduce the desired ou tpu t ( = expected 

ou tpu t ) in a technically efficient manner . In such cases input prices, or some similar 

criterion o f c h o i c c , must be invoked to a t ta in a unique combina t ion of inputs. We 

do not examine this topic in fu r the r detail, however, because we want to proceed 

to other mat te rs which also need to be a t tended to in order to put our developments 

in better perspective.1 5 

5 See, e.g., Charncs, Cooper and Rhodes 91978) for a discussion of how this can be done. 
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Remark: As introduced by Charnes , Cooper and Rhodes (1978), DHA 

models admit of an input or ienta t ion and an ou tpu t orientat ion.1 6 Al though differ-

ent project ions are thereby secured the results concerning whether per formance is 

efficient or inefficient are the same. To clarify what this means we return to (16) 

which has an input or ientat ion and replace it by the following which has an ou tpu t 

or ientat ion. 

max 
subject to 

(25) 
r = I, ... , 5 

n 

•v,o :> I v , i ' = i , . . . , n 
7= i 

0 < >'L 

The optimal values of (16) and (25) arc related as follows: 

(26) <//*= 1 1 0 \ ?'*I0\ where j = 

with »//* > 1 when 0* < 1 but the condi t ions for ciücicncy are the same as in (14) 

when ft* = *//* = 1. 

Al though the efficiency character izat ions arc the same, the non-zero slack 

values associated with (25) will differ and the project ion will be oriented toward 

maximizing ou tpu t ra ther than minimizing input . The project ions parallel to the 

input axis as in Figure 1 will be replaced by project ions parallel to the ou tpu t axis. 

As in the input or ientat ion case, we will have no o u t p u t efficiency in the single 

16 Input and output orientations have been developed for the CCR and the BCC models. 
See Banker, Charnes, Cooper, Swats and Thomas (1989) for a recent treatment of these 
topics. 
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outpu t ease hut this may be accompanied with non-zero slacks with some inputs 

so tha t , again, input ad jus tmen t s will be needed to achieve 100% efficiency. 

Keeping this all in mind for reor ienta t ion when wanted, we will simplify 

mat ters by focussing on the input oriented case which was used in developing our 

n o - o u t p u t efficiency theorem. It is easy to go f rom one or ientat ion to the other via 

(26) and so this is how we will cont inue to proceed. 

6. C C R A N D B C C M O D E L C O M P A R I S O N S 

The theorem we proved in the preceding section played a critical role in 

the approach we developed for est imating our parametr ic frontier p roduc t ion func-

tions. As we indicated, the use of this new approach involves a reor ientat ion f rom 

a causal to a control point of view in tha t the choice of the input values depends 

on the ou tpu t - or ra ther the expected o u t p u t value - tha t is desired. This reverses 

the reasoning in the cus tomary causal approaches to statistical regressions. There 

is more than our mathemat ica l development to justify this, however, since input 

efficiencies canno t be determined wi thou t reference to the ou tpu t values with which 

they are to be associated. Hence the no t ion of efficiency itself requires us to pro-

ceed f rom o u t p u t to input choices, as we have just done. 

Unfor tuna te ly our theorem does no t provide this same clear access in the 

case of multiple o u t p u t and inputs. Indeed, it does no t extend beyond the C C R 

DIIA model which was used in the previous section. Thus , going f rom the C C R to 

the BCC model1 7 - viz., 

17 As given in Banker, Charnes and Cooper, (1984) and Banker, (1984) 



min 0 
subjcct to 

n 

7 = 1 
n n 

{ 2 1 ) r = 
j= 1 

n 

1 = Z à j 
7= 1 

0 < Ap j= I, ... , n 

brings the applicability of the theorem into question. For, using the same data as 

in Figure 1 the following simple example sufTices to show that the theorem fails to 

hold even in the case of one output and one input when the CCR model of (24) is 

replaced by the BCC model of (27): 

Here the opt imum solution is 0* = 1/2, A* = 1 and A* = At = 0. This evidently dif-

fers from the opt imum solution secured from these same data in (24). The 

convexity condition associated with 1 = Ax + A2 + Az in (28) is the source of the dif-

ference. More importantly, this solution with At = 1 gives 1 < 2At so that a 

touching on the output side fails to materialize. 

min 0 
subjcct to 

(28) 
0 <20 — \A] — 2A2 — 2A3 

1 < 2/1, - U 2 - 1A3 

1 = A}+ A2 4- A^ 

0 < ¿3. 

To clarify what is happening Figure 2 portrays the same 3 D M U situation 

as Figure I. Unlike the CCR projection depicted in Figure 1, the BCC projection 



in Figure 2 docs not bring the inefficient point P2 to the ciTicicncy frontier by 

making only an input adjustment . The adjustment obtained from the opt imum 

solution with 0* = 1/2 brings the input value only to the point (1,1). This point is 

on a portion of the frontier that is not efficient. Thus this shrinkage in input must 

be accompanied by an output expansion of one unit in order to reach the efficiency 

frontier at (1,2). 

We can obtain further insight employing the following pair of dual linear 

programming problems to evaluate D M IJ P3, with coordinates (2,3), in Figure 2. 

min 6 max 3v -f (D 

subject to 

( 2 9 ) 0 < 20 - A , - 2 X 2 - 2 À , 

subject to 

1 = 2fi 

3 < 2XX + U 2 + 3/U 0 > — ^ -f 2v -f coo 

Xl + À2+ ^ 0 > —2/x 4- v + (Do 

0 < ÀMk 0 > -2 [ I + 3v + ah 

0 < /x,v. 

With 0 and <O otherwise unconstrained, the optimal solutions are 

(30) 0* = 1, A3*=l = 1/2, v* = 1/2 

A* = A+ = o ( D * = ~ 1/2 

as is readily verified f rom the dual theorem of linear programming, viz., 

(31) 0* = 1 = 3 / 2 - l /2 = 2v* + o>* 



which shows this D M U to be efficient. The C C R o p t i m u m for P3, however, is 

(32) = 3/4, = 3/2 co* = 1/2 

¿2 = ¿3 = 0 v * = 1/4 

which rates this D M U 0 as incfTicicnt by reference to the C C R model - which does 

not require sat isfact ion of the convexity condi t ion in the left h a n d problem of (29) 

and does no t contain the extra variable o> in the p rob lem on the right.18 

T h e value co* = — 1/2 < 0 in (30), identifies this po in t , viz. P3 = (2,3), as 

being on a segment of the front ier which exhibits locally decreasing returns in the 

BCC model , whereas the C C R model exhibits cons tant re turns to scale. 

Outpu t 

Figure 2 
DER EFFICIENCY PROJECTION 

BCC MODEL 

B C C 

I npu t 
See Ahn, Charnes, and Cooper (1988), for a study of mathematical relations between DBA 
models. 



For pcrspcctivc on what is occurring wc focus on the sign of the optimal 

value of w* and summar ize the in format ion on "returns to scale" which it provides 

as follows:19 

1. Locally increasing returns to scale prevail if and only if ft)* > 0 in all al-
te rna te opt ima. 

2. Locally decreasing re turns to scale prevail if and only if a)* < 0 in all al-
te rnate opt ima. 

3. Locally cons tan t re turns to scale prevail if a)* = 0 in any op t imum. 

For the single ou tpu t case, > 0 — i.e., non-zero ou tpu t slack — can oc-

cur only if o)* > 0, which is the case of locally increasing re turns to scale. T o see 

tha t this is so consider the following dual BCC pair: 

subject to subject to 

m 

0 = OXN - J^XIJXJ — ST 0 > vyj - £ HfXif 4- ft) 

n m 
(33) ,vo= Z 1 = 

n 

1 = t < v 

0 < Aj,Si, s. E < 

wi thy = 1, ... , n\ / = ! , . . . , m. A t an o p t i m u m we have: 

m 

(34) 0 * - c ( £ 5 r + . O = vVo + 

i ' Taken from R. Banker and R. M. Thrall (1991). 



If J* > 0 \vc will have v* = c. However , 1 = ¿ i * and x^ > 0 all / and /, implies 

0* > 0 which is a real number . Thus we must have a)* > 0 since no mult iple of 

v* = e can equal a positive real number . This const i tutes a proof of the following 

theorem which we complete by using the Extended Theorem of the Alternative, as 

given in Charncs and Cooper (1961) --20 which asserts that we can have ¿.K/A? 

in some op t imum solution if and only i f v * = c in every opt imal solution. 

W e formalize this all in the following 

Theorem: For the single o u t p u t case, an o p t i m u m with s* > 0 implies locally 

increasing re turns to scale with 

(36) rr(ft>*) = 0* > 0, 

where rc(o)*) refers to the real pa r t of a)*. It follows f rom (35) tha t we must 

have o)+ > 0 in (33) when s* > 0. 

The converse of this t heo rem is no t true, however, since the presence of 

locally increasing re turns need no t imply s* > 0. This is shown via the following 

dual BCC pair formed in accordance with (33) to evaluate P3 as por t rayed in Figure 

3. 

20 See Charnes and Cooper (1961), p. 441. The Extended Theorem of the Alternative is also 
called the SCSC (Strong Complementary Slackness Condition) as in Charnes, Cooper and 
Thrall "A Structure for Classifying and Characterizing InefFiciency in Data Envelopment 
Analysis," Journal of Productivity Analysis, (forthcoming). 

and 



Figure 3 
BCC PROJECTION TO INCREASING 

RETURNS EFFICIENCY FRONTIER 

Output 
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1 — 
Pi 

(1,2) 

( 3 / 4 , 1 ) 
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e P 3 

(2 ,3 /2 ) 

Input 

min 0 — F.S — ts 

subjcct to 

0 < 20 - 3/4/1, - i2 - 2À, - <5 

(37) 3/2 = + 2/1, + 3 / 2 / 1 , - j 

1 = + x2 + ;.3 

0 < 

max 3/2v + co 

subject to 

1 = 2ß 

0 > -3/4 /1 + v + co 

0 > -n+ 2v + o) 

0 > -2p + 3/2v + « 

£ < fl 

C < V 

The solutions to this dual pair are 



= 7/16, ¿f = ; . ? = 1/2 3/2v* 4 cd* = 7/16 

= <5* - .v* = 0 = 1/2, v* = 1/8, o)* = 1/4 

Thus, as this example shows, we must still rely on the o>* values as given in (32) for 

returns to scale characterizations even in the single output case since s* > 0 is suf-

ficient but not necessary to show that locally increasing returns to scale are present. 

A use of the BCC model of DBA for effecting efficiency adjustments evi-

dently merits further at tention when increasing returns to scale possibilities are 

present. We examine this topic further after first sharpening our interpretations 

and the corresponding uses we make of statistical theory and methods. 

7. R E L A T I O N S T O S T A T I S T I C A L T H E O R Y 

To start, we note that we have already observed that we are conforming 

to the customary- assumption of economic theory that technical efficiency is always 

attained. In practice we arc adjusting the reported inputs to their efficiency values 

as determined via DHA. Our interpretation is that the quantities actually used need 

not conform to the reported value of any input when the former (i.e. the amount 

actually used in productive effort) is less than the latter. Airline personnel em-

ployed and personnel actually used in productive effort can differ in this manner,for 

instance, and so can fuel and aircraft capacity. 

Turning f rom economics to our statistical usages we follow the now widely 

used treatment first given on pp 54 ff in Kempthorne (1952) and write our re-

gression relations in the form 
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(38) % v = X / ? + r. 

where X, called the "design matrix," is an n x p collection of values of the inde-

pendent variables used to generate y, an n x 1 vector of observed values which arc 

related to X via the p parameters represented in the /? x 1 vector, /?. Finally, t is 

an n x 1 vector of error terms with componen t s associated with the observed values, 

v\ and not the design variables as represented by the chosen values represented in 

X2 ' 

A 

To obtain est imates /? of the paramete rs /?, it is assumed tha t the compo-

nents o f ^ which we denote as r,¡ are independently distr ibuted a round a mean of 

zero with variance a2. The least squares es t imators are then obtained via 

(39) Sfl = XTy 

where XT is the t ranspose of X and S = X 7 X , which is symmetric. If S is non-

singular, we have 

(40) E P = E (S~]Sp + S~]XTr.) = /? 

where E symbolizes "expected value" and ES ]XTi: = S ^ X T i c = 0 since 

Ec, = 0, / = 1, ... , n by the assumpt ions we associated with (38). 

21 As noted earlier we are here using e in the sense of statistical error when referring to the 
statistics literature and as a non-Archimedean constant when referring to the DBA litera-
ture. 
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A 

Via (38) vvc have our least squares values ft as unbiased estimators of ft 

Using * to denote efficiency values, we replace (38) by 

( 4 1 ) Y = X * F I * + F. 

where X* is our new design matrix with X* < X and the parameters in the vector 

ft* arc associated with the efficient input-output relations. We now derive our new 

estimators ft* by applying least squares theory in the same manner as before, and 

obtain 

(42) Eft* = ft* 

so that these estimators are also unbiased since, again, 

ES*~ ] X* T c = S*"]X*7Er. = 0 because our adjustments arc only on X and not on y 

or its associated errors z. 

Proceeding on the assumptions we have previously made, the covariance 

matrix associated with the estimators in (41) can be represented 

(43) E ( / ? - / ? ) ( / ? - / ? ) 7 W < r ' 

where a2 is the variance (assumed finite) of c For our corresponding efficiency ad-

justed estimators ft* we have 

(44) E(/?* - /?*)(/?* - ft*)T = aV " \ 
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In short , a2 remains unaffected bu t the inverse S* 1 replaces S K 

We have not been able to establish relations of the form S*-*<S or 

1 > 5 which hold generally via the relation S* < S. In the case where S* and S 

arc diagonal , or brought into diagonal form, e.g., via the use o f C o c h r a m ' s theorem 

in statistics,22 we have 

(47) S*~l> S~] 

For < S means that the elements s* < sth which arc "all positive," and this implies 

tha t 1 ls,, < 1 Is* all i and this establishes (47) when the matr ices 5 and S* are diag-

onal. In this case, which is of interest for its bearing on homoscedast ici ty, the 
A 

subst i tut ion in (42) and (47) shows tha t the error est imates associated with /?* are 
A 

at least as large as the error est imates associated with /?. 

A 

In any case we have a new class of es t imators /?* which have the usual 

proper ty of being BIAJR (Best Linear Unbiased Rst imators) , under the usual 

"Gauss- Laplace-Markov7 ' Condi t ions. 2 3 To obtain the usual tests of significance 

relative to hypothesized values /?0 we similarly replace 

(48) (r - X/?n)70• - X/?0) = (f! - P0)S(P - /?„) 

with 

(49) (v - Xfi*0)r(y - Pi) = (/?* - p*0)S*{fl* - / T ) 

22 See Kcmpthornc (1956), p. 57 fT. 

23 Sec Kempthorne (1952), p. 56 fT. 



Here have replaced fi0 with fit as the hypothesized values on the supposition that 

wc arc interested in the parameters associated with efficient production. We have 

thus responded to Varian (1990, p. 126), who wc cited earlier as arguing that "What 

matters for most purposes in economics is not whether a violation of an optimizing 

model is statistically significant but whether it is economically significant." And 

wc have also responded to Afriat by showint that wc can produce results which 

have economic meaning while adhering to classical least squares priciples and 

methods in statistics. 

8 . D E A / S T O C H A S T I C F R O N T I E R A N D T H E G E N E R A L I Z E D L I N E A R 
R E G R E S S I O N M O D E L 

So far wc have been working with the ordinary least squares regression 

model which is based on somewhat restrictive assumptions regarding the error 

terms. In this section wc will rcestimate our results employing the Generalized 

Linear Regression Model (GLM) which is considerably more flexible and allows to 

attend explicitly to problems such as autocorrelation and hcteroscedasticity in the 

data. Specifically, wc will employ the approach suggested by Fuller and Battcse 

(1974) to estimate regressions in cases such as ours which combine cross-section 

and time-series data. 

To begin, consider the standard OLS model with "p" independent variables 

related to parameters pk and an intercept a. Assuming "n" observations wc write 

this as follows: 

p 

(SO) V> + C' ' ' = 1' - •77 

k = 1 



where the error term c, is assumed to satisfy the following conditions: 

E{rh = a2 V i 
(51) V E(r,rv.) = 0 V 

This, of course, conforms to the assumptions we made with (36) in the 

preceding section. When pooling cross section and time series data, however, (50) 

is no longer an adequate representation since we then have not only "n" cross sec-

tional units being observed for one period of time, but also for each one of them 

we now have observations extended over a period of time "T." 

We follow Fuller and Battese (1974) to specify the regression model for 

these types of data. These authors conceptualize the error term as being composed 

of three independent components , one error component associated with time, an-

other with the cross-sectional units and the third varying in both dimensions. This 

is done as follows. First we replace (50) with 

r 
(52) yit = a, + xi!kpk 4- ¡xit 

k = 1 

/ = 1,2 it, i — 1.2,... . T 

in which the random errors, /i„ have the following decomposition: 

(53) nn = v i + e, + c„. 

where v, ~ A'((), a]), e.t ~ A'(0, a]), and r,u ~ N(0, a]) 

so that v„ e, and r.„ arc all normally distributed with zero means and finite variances. 



TABLE 3 
RESULTS ALLOWING FOR TIME SERIES AND CROSS-SECTIONAL 

ERROR TERMS - COBB-DOUGLAS MODEL 
(Pooled Data 1981-1988) 

(1) 
WITHOUT 

EFFICIENCY 
ADJUSTMENTS 

(2) 
WITH CCR 

EFFICIENCY 
ADJUSTMENTS 

(3) 
WITH BCC 

EFFICIENCY 
ADJUSTMENTS 

Constant (a) 1.71 2.71 *** 2.99 *** 
(1.50) (1.19) • (1.38) 

Capacity (alpha) 0.89 *** 0.67 *** 0.77 *** 
(0.05) (0.02) (0.04) 

Labor (beta) 0.10** 0.22 *** 0.17 *** 
(0.04) (0.02) (0.03) 

Fuel (gamma) - 0.05 * 0 . 1 0 0.01 
(0.02) (0.01) (0.02) 

Variance Component 
E s t i m a t e s 

2 
For Cross-sections (^v) 

For Time Series (O?) 
0.0088 0.0006 0.0045 

0.0007 0.0042 0.0017 
For Error (Oc) 

0.0051 0.0020 0.0031 
Transformed 
Regression MSE 0.0051 0.0021 0.0033 

Number in parenthesis indicate standard error. 
*** Statistically significant at p < 0.001 
** " " p < 0.05 
* " " p < 0.1 

Fuller and Battese's model (52), which we have employed to reestimate 

our "Combined DBA-Stochast ic Product ion Functions," has the advantage of being 

able to account for hctcroscedasticity and autocorrelat ion explicitly on the follow-

ing assumptions. First, the composed errors fiit are assumed to be homosccdastic 

with variance given by : 

(54) Var(^) = a2 = o\ + a2, + a] 
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so the error terms v, c a n d í arc additive and do not interact. In addition, the co-

efficient of correlation between two error components across two different points 

of timc,¿¿„ and //,>(/ s), is: 

CMvnVis) oI 
(55) = - = — r (/ ^ S) 

V v<*r{V-it) Va}ÍVis) ov + a e + aF 

Model (52) in logarithmic form was applied to our data f rom the appendix 

and the results are shown in Table 3. The main results found under our previous 

OLS approaches to estimation continue to obtain under the G L M estimation em-

ploying (52). When calculated with unadjusted data, as shown in column (1), neg-

ative results for fuel were found under G M L just as occurred with OLS in Table 2. 

This problem disappears when the input data arc adjusted to account for ineffi-

ciency, as shown in column (2) of Table 3. 

For comparison purposes we have included the parameter estimates ob-

tained with efficiency adjusted data on the inputs using the BCC as well as the CCR 

models of DEA. As can be seen, the estimated parameter values in both cases differ 

f rom those portrayed in column (1). The BCC and C C R adjusted estimates arc also 

relatively close to each other except for fuel which fails to attain statistical signif-

icance in the case of the BCC model. The regression mean square error for the 

CCR model is also smaller and so, on both statistical and economic grounds, the 

CCR model gives better results. 

The important point to note here, however, is the fact that our results are 

robust across methods of estimation as well as across models. The statistical re-

gressions, whether linear or Cobb-Douglas , did not give satisfactory results from 

either an economic or management s tandpoint when unadjusted input data were 

employed with OLS. This continues to be the case when goal 

programming/constrained regression (linear programming) and GLS methods are 
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used. Our Combined D F A / S F approach, on the other hand, yielded more satis-

factory results across all of these models and methods with the CCR model gener-

ally performing better than the BCC model for this purposes. In the sections that 

follow we therefore restrict ourselves to the use of CCR models for effecting our 

efficiency adjustments. 

9. O W N E R S H I P A N D I N T E R N A T I O N A L C O M P E T I T I O N 

So far the developments in this chapter have been mainly methodological. 

Now we show how these tools can be used to gain some insights into two important 

policy problems for the Latin American airline industry. These arc the effects on 

performance of (a) ownership regimes and (b) international competition. This sec-

tion may also be regarded as a test of the D F A / S F method by demonstrating how 

it can be used in combination with other approaches to gain still further insights. 

Over the last 5 years Latin American governments have been revising their 

air transport policies and in many cases they have decided to privatize their state-

owned airlines. Lan Chile, Mexicana de Aviación, Aeromcxico, and VASP (Sao 

Paulo) have already been privatized and there are others, like Aerolíneas Argentinas 

and Acropcrú which arc being considered for privatization by their governments. 

A main assumption underlying the privatization of these undertakings is that gains 

in efficiency will follow. 

Two models of privatization have been implemented thus far. One ap-

proach, followed in the cases of VASP (Brasil) and Aeromexico, consists of selling 

the SOB to a private national (domestic) individual or group, and the other ap-

proach, applied in the case of Lan-Chile, consists of selling part of the capital, and 
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essentially i n tcgrat ing the company into the opera t ions of an established interna-

tional airline. 

This section of the dissertat ion will proceed in a compara t ive fashion to 

examine the relative clTicicncy of Latin American carriers and attempt, to provide 

some insights tha t may be useful in deciding the relative at t ract iveness of the strat-

egy of using SOB privatizat ion as far as gains in ciTicicncy is concerned. Ano the r 

aspect to be addressed is in ternat ional compet i t ion. This can be conveniently ac-

complished bccausc the Latin American airline industry is composed of three sets 

of firms. Birst, there arc the Lat in-American based airlines. These carriers, re-

gardless of ownership status, enjoy significant government protect ion. Usually 

designated "flag carriers," they enjoy whatever acccss and flying privileges their 

governments arc able to secure in bilateral negot ia t ions with other governments --

usually on a reciprocal basis. Second, US-bascd airlines also opera te in Latin 

America. The compar i sons we seek are facilitated by the fact tha t the Latin 

American activities of these U.S. carriers (under the n a m e of "Latin American en-

tities") are separately identified and repor ted to ICAO. 2 4 A third g roup of airlines, 

which will not be included in this s tudy, consists of European airlines flying in Latin 

America and, to a lesser extent, airlines f rom other regions. This g roup is not in-

cluded in the present study because our main interest is in ascertaining the effect 

of internat ional compet i t ion on pe r fo rmance and these addi t ional airlines are not 

needed for this purpose . In addit ion, securing data for the Latin American oper-

at ions of this g roup of airlines proved to be extremely difficult. 

Airline regulation policies of mos t Latin American governments have been 

very tight historically and, natural ly, they have also been protect ive of their do-

24 International Civil Aviation Organization - t h e United Nations branch dealing with inter-
national aviation with headquarters in Montreal, Canada. 
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mestic carriers. As one I C A O study pointedly notes, these policies arc " founded 

upon the belief tha t marke t forces canno t be counted on to produce a proper bal-

ance between the supply and demand for services" ( I C A O , 1983, p.X). Because of 

the current focus on privatizat ion as a possible strategy, the efficiency impacts and 

the potent ial gains f rom privat izat ion will first be addressed without including the 

U.S. carriers. Next the possible liberalization of the currcnt policies will be ad-

dressed by including the latter (i.e. U.S.) carriers. 

For detailed study we use the following model in place of the Cobb-

Douglas specification presented earlier in equat ion (1) 

(56) y i - c V ' a c p f ^ ^ / = 1 //, 

f 1 when i = S O F 
where = < 

[ 0 when i = PRI 

of course, y% c, / , / , a, a, /?, and y are defined as in (1) and c, is the statistical error 

term, fi is a d u m m y variable which, when est imated, will multiply the cons tan t a. 

Thus , if () > 1 -- which results when In S > 0 and is statistically significant — then 

SOFs arc more efficient; and if 5 < 1 — which means tha t In S < 0 and statistically 

significant - then privately owned airlines are more efficient; finally, if 3 fails to 

achieve statistical significance then S O F and privately owned airlines are equally 

efficient. 

This character izat ion of the behavior of the d u m m y variable follows f rom 

the fact that the produc t ion func t ion is otherwise the same --i.e., it is an "industry 

product ion funct ion" - for bo th classes of firms.25 We could also test whether the 

25 See M al invalid (1966) p. 517 (T. for a discussion of uses of "industry production functions" 
for statistical estimation. 



product ion funct ions differ between SOE and privately owned airlines, of course, 

but the above development is bo th simpler and more in accord with our earlier 

discussions and so we here confine a t ten t ion to this case. 

For es t imat ion purposes we use logari thms to replacc (56) with 

(57) ln%v/ = M,- hi <5 -4- In a 4- a In c-t -f /? In /,. 4- y Inyj + In cit i = 1, ... , n, 

and this equat ion provides a way to determine whether In <5 differs significantly f rom 

zero. Applicat ion to the da ta f rom the Appendix gives rise the the results por t rayed 

in Table 4 when the regressions are est imated wi thout and with efficiency adjusted 

input values. 

Ignoring the reappearance of a negative exponent for fuel when observed 

rather than ciTicicncy adjusted data are used, we note tha t type of ownership ap-

pears as statistically significant. In this case SOEs arc expected to produce only 

95% of the ou tpu t tha t would be obta ined by privately owned airlines with the 

same inputs. The efficiency adjus ted da ta , however, p roduce the opposi te result, 

i.e., no statistically significant difference due to ownership appears . As far as the 

models of privat izat ion being implemented in the Latin American Airline industry 

is concerned, these results would indicate that there is, indeed, a potential gain in 

efficiency ( 5 % ) stcming f rom transferr ing the SOEs to private (nat ional) domestic 

individuals or groups.2 6 

26 An analysis of the facet composition by ownership showed that the DEA efficient frontier 
is composed both by SOEs and private airlines. From the 88 DEA models run employing 
IDEAS, it was found that in average 53 % of the facet members were SOEs and 47 % 
were private airlines. This result is consistent with the fact that there is a single parametric 
efficient production function both for SOEs and private enterprises. 



T A B L E 4 
OWNERSHIP DIFERENTIALS EMPLOYING D U M M Y VARIABLES 

LATIN AMERICAN BASED AIRLINES 

(1) 
WITHOUT 

EFFICIENCY 
ADJUSTMENTS 

(Interior Point) 

(2) 
WITH 

EFFICIENCY 
ADJUSTMENTS 

(DEA/SF) 

8 (Ownership Effect) 0.95 ** 0.98 
Constant 1.15 1.72 ** 
Capacity 0.91 *** 0.76 *** 
Labor 0.07 * 0.15 *** 
Fuel -0.01 0.08 *** 

Returns to Scale 0.98 0.99 

*** Statistically significant at p < 0.001 
** 44 " p < 0.05 
* " " p<0.1 

W c need to p robe this result a bit fur ther since, in a sense, these re-

gressions are responding to different questions.2 7 The regression wi thout efficiency 

adjusted data is responding positively to the quest ion of whether SOEs are less ef-

ficient than private airlines as they have all been operated. The D E A / S F regression 

is responding to the quest ion whether there arc inherent efficiency differences when 

all airlines are opera ted efficiently. In the terminology introduced by Charnes 

Coope r and Rhodes (1978) - in their discussion of the U.S. Office of Educat ion 

sponsored "Program Fol low Through , " where they distinguish between schools 

par t ic ipat ing and not par t ic ipat ing in the P rogram - we are distinguishing between 

"program efficiency" and "manageria l efficiency."28 This distinction is no t made by 

27 See Charnes and Cooper (1990) on the need for attention to the way questions and inter-
pretations change when different methodologies are employed. 

28 This is analogous to the distinction in economics between the choice of an efficient tech-
nology and the efficient use of that technology. 



the regression in column (1) — and cannot be made without eliminating or otherwise 

controlling for managerial inefTicicncies, as we have done in column (2) by our use 

of DBA. 

Our development thus provides a new way to distinguish between these 

types of efficiency in order to focus on program efficiency in contrast to the mixture 

of managerial and program inefficiency that is reflected in the regression protrayed 

in column (1) of Table 4. In sum, the comparison of state- and privately-owned 

Latin American airlines shows that there are potential efficiency gains from better 

management of the SOB airlines, and one way of accomplishing this would be 

through privatization following the VASP and Aeroméxico model which consists in 

selling the airline to private domestic individual or groups. 

Proceeding in this manner leads very naturally to other questions. One 

such question is whether inclusion of other airlines, such as U.S. airlines with dif-

ferent modes of operation, will produce other effects. The results of such an anal-

ysis are shown in Table 5 where equat ion (57) is employed but the dummy variable 

6 is now indexed via 

As can be seen the situation in Table 5 reverses the one exhibited in Table 

4. This time no statistically distinguishable difference is found between US-based 

and Latin American-based carriers when unadjusted data are employed, and there 

is a statistically significant class effect when efficiency adjusted data are employed, 

with the US-based carriers showing an efficient frontier of operation lower (96%) 

than that of Latin American carriers. This indicates an inherent competitive ad-

vantage of Latin- based airlines when compared with US-based airlines. However, 

(58) 
0 when i = Latin-based 

when i = U.S.-based 
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TABLE 5 
CLASS DIFERENTIALS EMPLOYING DUMMY VARIABLES 

US-BASED AND LATIN AMERICAN BASED AIRLINES 

(1) 
WITHOUT 

EFFICIENCY 
ADJUSTMENTS 

(Interior Point) 

(2) 
WITH 

EFFICIENCY 
ADJUSTMENTS 

(DEA/SF) 

5 (CLASS EFFECT) 0.95 0.96 * 
Constant 0.96* 0.97 
Capacity 0.97 *** 0.88 *** 
Labor 0.02 0.06 
Fuel - 0 . 0 0 1 0.07 *** 

Returns to Scale 0.97 1.01 

*** Statistically significant ai p < 0.001 
p < 0.05 

* 44 " p < 0.1 

this advantage has not been realized by the Latin American carriers, which apear 

indistinguishable from the US carriers in their current level of operations. 

At first these results appear to be counter intuitive since apriori it was 

expected to find U.S. airlines to be more efficient because of their greater fleet 

flexibility and larger size. It needs to be remembered, however, that all of these 

airlines operate in highly regulated environments. The regulations governing inter-

national air transport results from a myriad of bilateral agreements between gov-

ernments which reflect the interests of both parties. Our results suggest that the 

current arrangement of regulations is more favorable for the Latin American air-

lines than to extra-regional (in this case US) airlines. In fact, the main purpose of 

some of the regulatory mechanisms currently in place such as restrictions in flight 

frequency and airplane size, in freedom to set fares and rates and other so called 

"freedoms of the air," is to protect the relatively smaller Latin American airlines 
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f rom the potential ly overwhelming strength of larger internat ional carriers. More-

over, the fact tha t these regulat ions differ f rom one count ry to ano the r introduces 

addit ional impediments to the opera t ions of internat ional carriers. 

In the case of Table 4 we were able to explain the fact tha t the unadjus ted 

and efficiency adjusted data were directed to different quest ions. I lere we can ex-

ploit the availability of bo th results to show h o w they can be used in complemen-

tar)7 fashion. Thus we observe tha t wi thout the efficicncy ad jus tments no 

statistically significant difference emerges in the case of Co lumn (1) in Table 5. 

W e thus conclude tha t in actual opera t ions these carriers have all adjus ted to one 

ano the r with inefficiencies exhibited for bo th U.S. and Latin Amer ican carriers in 

our D B A adjus tments . The fact tha t the significant difference between U.S. and 

Latin Amer ican carriers exhibited in co lumn (2) does not also emerge in column (1) 

means tha t these oppor tuni t ies have no t been fully exploited by the latter — even 

as domestically sheltered carriers in each of their countries. To help reinforce this 

in terpreta t ion we finally need to no te tha t these data are all generated f r o m activ-

ities conducted under these regulations. 

It would be of interest to carry the analysis fur ther to examine wha t might 

be expected by removal or a l terat ions of these differing (by country) air t r anspor t 

regulations.2 9 Ins tead we simply no te tha t the issue of de-regulation is at least as 

impor tan t (and possibly more impor tan t ) than the issues of privat izat ion and /o r the 

mergers or alliances with in ternat ional airlines tha t are currently being considered 

bo th by airline managemen t s and government ofTicials in the countr ies involved in 

our study. 

29 See Sinha (1991), for a 'moving frontier analysis'7 in the context of a semiconductors 
manufacturing plant. 
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Our analysis has shown that under the current regulatory framework the 

cfTicicnt production frontier of Latin American airlines is higher than that of U.S. 

airlines operating in the region. Indeed, under fully efficient operations, U.S. air-

lines produce only 96 % of the output that can be obtained by Latin-American 

airlines from the same inputs. For this reason it appears that the model of 

privatization followed by Lan-Chile, which consists in associating with a large 

international carrier may not be conducive to gains in efficiency, if the current reg-

ulatory environment is maintained. 

The analysis performed thus far has therefore served not only to ascertain 

specific characteristics of production functions and relative efficiencies by classes 

of firms in the Latin American airline industry, but it has also offered possibilities 

for addressing alternate questions that DEA/SF can offer when used both singly 

and in combination with interior point causal regressions. In the process we have 

cast light on current strategies being followed such as "privatization" and have also 

indicated the need for broadening the strategies to be considered by reference to the 

regulatory framework that is currently in place. 

l O . T E C H N O L O G I C A L C H A N G E 

In Gallegos (1991) DBA is used to check (and extend) the above findings 

by moving to the case of two outputs — passengers and freight — to ascertain what 

effects, if any, this may have on the results to this point. Mere we proceed to check 

the validity of the methods used in this chapter in a different manner by applying 

our models and methods to see whether they produce results that arc consistent 

with the fact that the airlines we are studying were moving to more fuel efficient 

planes. 
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For this purpose we divide our data into two sub-periods: 1981-1984 and 

1985-1988. Applying our Cobb-Douglas model (1) to the data for our 17 airlines, 

as given in the Appendix, we obtain the results that are shown in Table 6, both for 

unadjusted and efficiency adjusted input data. 

Evidently the value of y, the output elasticity for fuel, increases for both 

cases — i.e., with and without the efficiency adjustments — in going f rom the earlier 

to the later period. The technological change reflected in these increases for the 

output elasticity for fuel is not "Hicks neutral." The capital ( = capacity) to labor 

ratio increases when going f rom the earlier to the later periods in all cases, so that 

these technological innovations have been "labor saving" in this sense. In this case 

we also have a direct measure of technological change (as such) in the form of the 

marked increase in the output elasticity for fuel. Against this explicit measure of 

technological change, we can get another view by noting that the other output 

elasticities all decrease, as shown by the numerical values of the capacity/fuel and 

labor/fuel ratios, where, as seen at the bo t tom of Table 6, the labor to fuel ratio 

decreases more than the ratio for capacity to fuel. 

The fact that the Allen elasticity of substitution for a Cobb-Douglas 

function is always unity makes it unprofi table to pursue this topic further. Wha t 

we can say, however, is that the introduction of these more fuel efficient planes was 

accompanied by other changes which lowered the productivity of both labor and 

capacity with more effect on the former that the latter. F rom this one may con-

clude that there is less need for labor (e.g. maintenance labor) and less need for 

capacity (possibly because of stepped up flight schedules). In any case our models 

all reflect the known appearance of more fuel efficient planes between the two pe-



TABLE 6 
STRUCTURAL CHANGES IN THE COMPOSITION OF THE PRODUCTION 

FUNCTION - ALL LATIN AMERICAN AND US AIRLINES COMBINED 

1981- 1984 1985--1988 

(1) 
Without 

Efficiency 
Adjustment 

(2) 
With CCR 
Efficiency 

Adjustment 
f DEA/SF 

(3) 
Without 

Efficiency 
Adjustment 

(4) 
With DEA 
Efficiency 

Adjustment 
(DEA/SF) 

Constant 
Capacity 
Labor 
Fuel 

0.84 
0.93*** 
0.06*** 
-0.01 

1.31** 
0.80*** 
0.10*** 
0.08*** 

0.97 
0.88*** 
0.03** 
0.07** 

1.39** 
0.74*** 
0.06*** 
0.19*** 

Returns to scale 0.98 0.98 0.98 0.99 

R2 .. 
Condition Number 
DW 

0.990 
90 

1.07 

0.997 
97 

1.86 

0.991 
93 

1.30 

0.996 
105 

2.40 

Number of 
Observations 68 68 66 66 

Ratios of Parameters 

Capacity/Labor 
Capacity/Fuel 
Labor/Fuel 

15.5 
n.m. 
n.m. 

8.0 
10.0 
1.25 

29.3 
12.5 
0.43 

12.3 
3.9 

0.31 

*** statistically significant p < 0.001 
** " p < 0.05 
* . " p < .0.1 
n.m. not meaningful 

30 Note also the consistency of the returns to scale in all of our analyses. That is all the ev-
idence points toward the Latin American airline industry as one which operates with 
constant returns to scale, or very close to it. This result is quite robust, and was obtained 
employing both various forms of DEA/SF and "interior point" specifications, and em-
ploying various methods of estimation such as goal programming/constrained regressions 
(see Table 1), a form of the generalized linear model (see Table 3.), and dummy variables 
(see tables 4 and 5). 



11. S U M M A R Y A N D C O N C L U S I O N 

This paper has presented some new approaches for estimating stochastic 

frontier production functions and has shown how these models and methods can 

be brought bear on issues of both public and managerial policy in new and inter-

esting ways. For instance, our results comparing state- and privately-owned airlines 

(in Table 4) showed that even though a statistically significant difference appears 

that reflects the way these two classes of airlines have been operated, it is never-

theless the case that this difference is not inherent. In particular if both classes of 

airlines (SOF and private) are operated efficiently, this difference is eliminated (see 

Table 4). 

We related the latter development to the distinction between ' 'managerial 

efficiency" and "program efficiency" introduced by Charnes, Cooper and Rhodes 

(1978). Here the program difference takes the form of "SOF" vs. "privately owned" 

airlines as representing the different "programs" after eliminating the managerial 

inefficiencies observed in each program. Charnes, Cooper and Rhodes accom-

plished their program efficiency vs. managerial efficiency comparisons by separat-

ing the two programs in public school education they were considering and 

eliminating the managerial inefficiencies in each -- after which each of the two re-

sulting program frontiers could be compared to obtain a program (as distinct from 

a managerial) efficiency evaluation. We could have followed the same route in our 

analyses since we had already effected the DEA computations. We proceeded via 

a different route, however, to introduce a new possibility for accomplishing this 

type of comparative analysis by first eliminating all managerial inefficiencies and 

then using dummy variables, as in a customary statistical analysis, to determine 

whether significant differences emerged. By doing so we have provided access to 
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statistical inference procedures and tests of significance which are not available in 

the route followed by Charnes , Coope r and Rhodes (1978). 

This wTas accomplished, of course, wi thout eliminating opportuni t ies like 

those suggested by Charnes Cooper and Rhodes (1978). For instance, our uses of 

D E A still allow us to identify efficient and inefficient managers operat ing within 

each class of airlines. In addit ion to making it possible to see where corrections 

might be used within each "program" (SOE or private enterprise) with resulting 

prospects of improvement , we can also uncover possibilities for switches in which 

efficient managers might best be t ransferred to p roduce even more efficient 

p rogram-manager combinat ions . 

These are possibilities tha t might be added to the current privatization vs. 

not-pr ivat izat ion alternatives tha t are currently being considered by a number of 

Latin American governments . Our discussion of Table 5 suggested still fur ther 

possibilities in which deregulat ion for bo th public and privately owned airlines 

needs to be added to the set of al ternative strategies to be considered for improving 

efficiency. Our in t roduct ion of new methods of analysis and control have thus 

brought these possibilities into view with accompanying statistically supported evi-

dence to war ran t their considerat ion. 

W h a t is especially satisfying f rom our point of view is tha t the supposed 

conflict between statistics and economics -- e.g. as in our quoted s ta tements f rom 

Afr ia t (1972) and Varian (1990) -- seems to have disappeared in the above analyses. 

Indeed, the results obtained became increasingly sat isfactory f rom an economics 

s tandpoin t when statistical ref inements were introduced by going f rom ordinary 

least squares to the generalized linear model of Fuller and Batcsse (1974). 

Reference to the appendix makes it clear tha t our focus on input efficiency 

ad jus tments differs f rom the other approaches to stochast ic frontier analyses which 



have foeussed on ou tpu t efficiencies. The use of "composed error" terms in the 

latter publ icat ions have assumed tha t bo th statistical and managerial errors are to 

be found only in the observed outputs . In a sense we have returned to the earlier 

work of Feldstein (1968) w h o also focused on input inefficiencies in his study of 

British hospitals . Of course, Feldstein did not have access to procedures like D E A 

and hence used OLS (and like) approaches with t roubles similar to those we en-

countered with those same approaches when using unadjus ted data.31 

Feldstein, we might add, also distinguished between input inefficiencies 

and "productive" use of inputs. Stated differently, this distinction allows for ineffi-

ciency in ou tpu t resulting f rom a poor use of efficient a m o u n t s (and mixes) of in-

puts . To deal with possibilities of ou tpu t as well as input inefficiency it would be 

necessary to apply one or more of the composed error approaches tha t now appear 

in the l i terature - See Appendix E in Gallegos (1991) - and to use them in com-

binat ion with efficiency adjusted input values like those we have described.32 It was 

no t necessary to conduct such analyses here, however, since evidence of such out-

put inefficiency was no t present in the single o u t p u t model tha t we are analyzing 

in this chapter .3 3 Indeed, as the Appendix shows, no non-zero slack appeared in the 

B C C - D F A analysis for any airline in any year covered by our data and this is con-

sistent with our statistical regressions which generally showed cons tan t or slightly 

decreasing re turns to scale. 

31 Actually Feldstein noted the work by Farrel (1957), which is the basis for DEA, but re-
jected it in favor of the statistical approaches he used. 

32 See Corn well, Schmidt and Sickles (1990) for an up-to-date treatment in the context of a 
stochastic frontier study of US airlines. 

33 See Gallegos (1991), Chapter IV which extends these analysis of output inefficiencies and 
shows how the latter appear in the context of a two-output DEA model. 
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Wc have now shown how our analyses can be used as an alternative or in 

combination with customary statistical approaches to yield new questions and ob-

tain new insights into both managerial and public policy problems. This comple-

mentary sue of DHA and statistical regressions does not exhaust the possibilities, 

however, since as shown in Gallegos (1991) they can be extended and used to cross 

check their respective results. 
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TABLE ' 1 
INPUTS AND OUTPUTS - LATIN AMERICAN BASED AIRLINES 

OUTPUT UNADJUSTED INPUTS CCR EFFICIENCY ADJUSTED INPITR 

TON-KM LABOR FUEL CAPACITY LABOR FUEL CAPACITY 
PERFORMED (# of (Thous. (Ton-KM (# of (Thous. (Ton-KM 

Employees US $) Avai lable) Employees US $) Avai lable) 
_ _ i l L _ _ i U (3) (4) - (5) (6) (7) 

AMEX81 661,213 10,532 36,264 1,115,570 9,036 32,505 999,930 
AMEX82 633,889 10,800 40,936 1,148,781 10,722 40,642 1,137,307 
AMEX83 * 715,514 10,703 52,416 1,230,262 10,703 52,416 1,230,262 
AMEX84 * 802,602 11,700 62,953 1,413,615 11,700 62,953 1,413,615 
AMEX85 836,012 11,548 89,434 1,473,836 7,248 89,381 1,472,966 
AMEX86 774,424 11,688 75,353 1,392,741 8,427 68 ,737 1,270,458 
AMEX87 724,250 12,524 84,570 1,382,357 7,326 69,695 1,139,214 
AMEX88 363,549 3,752 35,621 706,566 3,330 31 ,610 627,014 
ARGE81 768,720 10,176 365,574 1,588,697 7,352 236,028 1,147,849 
ARGE82 649,848 9,835 237,991 1,417,993 7,169 170,796 1,033,646 
ARGE83 645,480 9,822 291,098 1,386,259 7,935 144,365 1,119,945 
ARGE84 757,875 10,303 106,047 1,320,666 9,677 99,608 1,240,475 
ARGE85 765,795 10,276 146,546 1,432,758 7,728 117,682 1,150,562 
ARGE86 801,754 10,323 110,685 1,363,462 8,980 96,285 1,186,076 
ARGE87 874,234 10,283 109,586 1,491,265 8,910 94,957 1,292,196 
ARGE88 882,954 10,372 140,290 1,430,859 8,920 111,971 1,230,524 
ECUA81 11 1,086 1,055 29,210 187,307 986 27,306 175,096 
ECUA82 * 100,054 1,023 20,028 168,252 1,023 20,028 168,252 
ECUA83 77,882 1,045 12,249 154,439 938 10,993 138,598 
ECUA84 * 98,202 1,010 12,617 208,618 1,010 12,617 208,618 
ECUA85 • 119,904 988 1 1,124 220,665 988 11,124 220,665 
ECUA86 % 137,771 1,088 11,098 269,056 1,088 11,098 269,056 
ECUA87 147,862 1,165 12,935 297,142 1,044 11,586 266,159 
ECUA88 148,696 1,187 11,001 289,335 1,139 10,557 277,666 
LCHI81 • 256,733 1,423 63,678 468,803 1,423 63,678 468,803 
LCHI82 • 209,938 1,487 46,529 405,690 1,487 46,529 405,690 
LCHI83 * 169,337 1,372 32,789 325,350 1,372 32,789 325,350 
LCHI84 • 173,633 1,046 30,935 320,817 1,046 30,935 320,817 
LCHI85 * 190,631 851 31,600 347,580 851 31,600 347,580 
LCHI86 220,794 1,013 26,600 381,196 1,013 26,600 381,196 
LCHI87 * 259,854 1,028 26,950 443,207 1,028 26,950 443,207 
LCHI88 * 310,889 1,261 31,670 513,098 1,261 31,670 513,098 
MEXI81 843,804 11,555 38,775 1,280,848 11,555 38,775 1,280,848 
MEXI82 701,821 1 1,957 43,627 1,257,990 11,957 43,627 1,257,990 
MEXI83 860,876 11,882 58,486 1,495,193 11,882 58,486 1,495,193 
MEXI84 812,735 12,439 72,771 1,703,551 11,530 67,453 1,458,348 
MEXI85 855,541 13,1 17 110,576 1,750,772 7,502 94,234 1,492,025 
MEXI86 834,460 13,759 102,226 1,764,630 9,140 78,070 1,347,648 
MEXI87 902,437 14,615 116,781 1,760,357 9,366 91,419 1,378,043 
MEXI88 999,074 13,027 108,938 1,744,491 10,048 100,305 1,606,240 



OUTPUT UNADJUSTED INPUTS CCR EFFICIENCY ADJUSTED INPUT' 
TON-KM LABOR FUEL CAPACITY LABOR FUEL CAPACITY 

PERFORMED (# of (Thous. (Ton-KM (# Of (Thous. (Ton-KM 
Employees US $) Avai lable) E mployees US $) Avai lable) 

(1) (2) (3) (4) (5) (6) (7) 
PERU81 1 10,554 1,567 23,449 247,810 1,121 16,781 177,338 
PERU82 100,332 1 ,489 17,757 208,496 1,255 14,970 175,777 
PERU83 109,627 1,695 21,604 227,137 1,418 18,069 189,971 
PERU84 109,984 1,685 25,816 225,133 1,256 19,245 167,825 
PERU85 100,485 1,681 21,322 208,942 1,013 15,419 151,098 
PERU86 126,570 1 ,669 22,379 230,428 1,307 17,519 180,384 
PERU87 147,188 1,691 25,675 254,066 1,416 16,981 212,717 
PERU88 133,018 1,763 44,081 233,314 1,387 17,047 183,546 
AVIA81 552,870 8,887 113,923 967,210 6,874 88,114 748,089 
AVIA82 568,288 8,723 109,845 1,003,727 7,777 97,935 894,893 
AVIA83 546,013 8,842 107,778 965,148 8,106 100,982 904,286 
AVIA84 543,486 5,990 94,211 889,703 5,837 91,811 867,033 
AVIA85 496,666 5,268 86,493 815,326 4,829 79,291 747,434 
AVIA86 477,310 5,1 77 77,589 813,967 4,433 66,443 697,041 
AVIA87 457,450 5,014 62,942 777,805 4,293 52,557 666,019 
AVIA88 438,904 6,285 64,967 701 ,085 5,086 55,929 603,557 
CRUZ81 207,776 4,238 53,452 407,602 2,652 31 ,315 276,884 
CRUZ82 206,134 4,098 46,504 384,769 2,743 38,451 318,139 
CRUZ83 200,590 4,061 35,324 399,456 2,985 29,746 336,374 
CRUZ84 200,243 3,672 28,963 405,539 2,712 23,591 330,320 
CRUZ85 * 222,193 3,513 20,296 459,326 3,513 20,296 459,326 
CRUZ86 * 317,302 3,296 17,603 576,725 3,296 17,603 576,725 
CRUZ87 * 310,390 2,535 18,215 593,789 2,535 18,215 593,789 
CRUZ88 • 299,212 2,257 16,751 595,398 2,257 16,751 595,398 
LACS81 • 77,796 993 11,725 103,672 993 11,725 103,672 
LACS82 * 86,144 1,086 18,077 128,928 1 ,086 18,077 128,928 
LACS83 * 74,379 1,100 17,965 120,801 1,100 17,965 120,801 
LACS84 * 85,427 951 17,892 1 18,714 951 17,892 118,714 
LACS85 * 89,357 944 15,1 20 126,552 944 15,120 126,552 
LACS86 * 86,997 1 ,028 13,198 1 13,586 1,028 13,198 113,586 
LACS87 * 98,077 1,107 11,652 134,217 1 ,107 1 1 ,652 134,217 
LACS88 * 120,310 1,443 16,196 158,002 1,443 16,196 158,002 
LADE81 * 55,810 485 19,519 85,783 485 19,519 85,783 
LADE82 * 49,951 481 15,486 83,633 481 15,486 83,633 
LADE83 45,540 474 14,403 89,339 446 9,370 84,072 
LADE84 53,754 485 16,867 103,465 424 10,188 90,372 
LADE85 52,684 490 15,143 101 ,661 408 8,831 84,558 
LADE86 54,036 509 12,786 101 ,032 420 7,252 83,294 
LADE87 66,093 658 14,120 126,690 523 7,393 100,701 
LADE88 94,089 1 ,044 13,491 187,001 807 10,430 144,576 
VARI81 1,273,239 16,793 289,675 2,500,518 13,047 225,060 1 ,942,752 
VARI82 1,374,576 17,553 288,769 2,666,124 15,303 251,760 2,324,434 
VARI83 1,312,406 16,745 244,201 2,623,762 15,023 219,087 2,353,934 
VARI84 1,507,168 17,557 240,001 2,832,823 15,983 218,480 2,578,804 
VARI85 1 ,624,970 19,383 232,733 2,988,422 15,134 208,112 2,672,277 
VARI86 1 ,863,740 20,943 228,706 3,373,076 18,383 200,749 2,960,751 
VARI87 1,882,317 23,356 227,767 3,558,728 19,141 186,662 2,916,484 
VARI88 2.074,093 24,1 79 234,845 3,896,766 20,588 203,446 3,375,768 



TABLE 2 
INPUTS AND OUTPUTS - LATIN AND US BASED AIRLINES 

OUTPUT UNADJUSTED INPUTS CCR EFFICIENCY ADJUSTED INPUTS 

TON-KM LABOR 
PERFORMED (# of 

Employees 
LLL 

AMEX81 661,213 
AMEX82 633,889 
AMEX83 715,514 
AMEX84 802,602 
AMEX85 836,012 
AMEX86 774,424 
AMEX87 724,250 
AMEX88 363,549 
ARGE81 768,720 
ARGE82 649,848 
ARGE83 645,480 
ARGE84 757,875 
ARGE85 765,795 
ARGE86 801,754 
ARGE87 874,234 
ARGE88 882,954 
ECUA81 1 1 1 ,086 
ECUA82 100,054 
ECUA83 77,882 
ECUA84 98,202 
ECUA85 119,904 
ECUA86 137,771 
ECUA87 147,862 
ECUA88 148,696 
LCHI81 256,733 
LCHI82 209,938 
LCHI83 169,337 
LCHI84 173,633 
LCHI85 190,631 
LCHI86 220,794 
LCHI87 259,854 
LCHI88 310,889 
MEXI81 843,804 
MEXI82 701 ,821 
MEXI83 860,876 
MEXI84 81 2,735 
MEXI85 855,541 
MEXI86 834,460 
MEXI87 902,437 
MEXI88 999,074 
PERU81 1 10,554 
PERU82 100,332 
PERU83 109,627 
PERU84 109,984 

FUEL 
(Thous. 
US $) 

(3) 

CAPACITY LABOR 
(Ton-KM (# of 

Avai lable) Employees 

10,532 
10,800 
10,703 
11 ,700 
11 ,548 
11,688 
12,524 

3,752 
10,176 

9,835 
9,822 

10,303 
10,276 
10,323 
10,283 
10,372 

1,055 
1,023 
1 ,045 
1,010 

988 
1,088 
1,165 
1,187 
1,423 
1,487 
1,372 
1,046 

851 
1,013 
1,028 
1,261 

11,555 
11 ,957 
11,882 
12,439 
13,117 
13,759 
14,615 
13,027 

1,567 
1,489 
1 ,695 
1 ,685 

Ü L 1 5 1 

FUEL 
(Thous. 
US $) 
(6) 

CAPACITY 
(Ton-KM 

Avai lable) 
(7) 

36,264 1,115,570 9,036 32,505 999,930 
40 ,936 1,148,781 10,692 40,525 1,137,259 
52,416 1,230,262 10,703 52,416 1,230,262 
62 ,953 1,413,615 11 ,700 62,953 1,413,615 
89,434 1,473,836 7,248 89,381 1,472,966 
75,353 1,392,741 8,427 68,737 1,270,458 
84 ,570 1,382,357 7,326 69,695 1,139,214 
35,621 706,566 483 31,189 618,662 

365,574 1,588,697 7,352 236,028 1,147,849 
237,991 1,417,993 7,094 135,817 1,022,841 
291,098 1 ,386,259 7,661 147,717 1,081,324 
106,047 1,320,666 9,615 98,962 1,232,432 
146,546 1 ,432,758 7,728 117,682 1,150,562 
1 10,685 1 ,363,462 8,972 96,204 1,185,080 
109,586 1 ,491 ,265 8,910 94,957 1,292,196 
140,290 1,430,859 8,862 110,951 1,222,526 

29,210 187,307 966 26,753 171,553 
20,028 168,252 1,006 19,686 165,380 
12,249 154,439 91 1 10,676 134,609 
12,617 208,618 878 10,966 175,213 
11,124 220,665 988 11,124 220,665 
11,098 269,056 1 ,003 10,230 248,008 
12,935 297,142 1,044 11,586 266,159 
1 1 ,001 289,335 648 10,461 275,126 
63 ,678 468,803 1,348 60,318 444,064 
46,529 405,690 1,372 42,917 374,200 
32,789 325,350 1,262 30,155 299,211 
30 ,935 320,817 957 28,293 293,419 
31 ,600 347,580 785 29,137 320,486 
26,600 381 ,196 976 25,617 367,107 
26,950 443,207 1,028 26,950 443,207 
31 ,670 513,098 1,227 30,400 499,388 
38 ,775 1,280,848 11,555 38,775 1,280,848 
43 ,627 1,257,990 11 ,957 43,627 1,257,990 
58,486 1,495,193 11 ,882 58,486 1,495,193 
72,771 1,703,551 11,374 66,540 1,433,379 

110,576 1 ,750,772 7,502 94,234 1,492,025 
102,226 1,764,630 9,140 78,070 1,347,648 
116,781 1,760,357 9,366 91,419 1,378,043 
108,938 1.744,491 4,312 99,380 1,591,429 

23,449 247,810 1,081 16,181 170,999 
17,757 208,496 1,233 14,706 172,672 
21 ,604 227,137 1,391 17,726 186,364 
25,816 225,133 1,244 19,059 166,209 
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OUTPUT UNADJUSTED INPUTS CCR EFFICIENCY ADJUSTED INPUTS 
TON-KM LABOR FUEL CAPACITY LABOR FUEL CAPACITY 

PERFORMED (# of (Thous. (Ton-KM (# of (Thous. (Ton-KM 
Employees US $) Avai lable) Employees US$) Avai lable) 

(1) (2) (3) (4) (5) (6) (7) 
PERU85 100,485 1 ,681 21 ,322 208,942 1,013 15,419 151 ,098 
PERU86 126,570 1 ,669 22,379 230,428 1,297 17,391 179,068 
PERU87 147,188 1,691 25,675 254,066 1,416 16,981 212,717 
PERU 88 133,018 1,763 44,081 233,314 1 ,379 16,918 182,557 
AVIA81 552,870 8,887 113,923 967,210 6,862 87,970 746,870 
AVIA82 568,288 8,723 109,845 1,003,727 7,775 97,904 894,612 
AVIA83 546,013 8,842 107,778 965,148 8,106 100,982 904,286 
AVIA84 543,486 5,990 94,211 889,703 5,706 89,751 847,584 
AVIA85 496,666 5,268 86,493 815,326 4,792 78,681 741,686 
AVIA86 477,310 5,177 77,589 813,967 4,375 65,572 687,900 
AVIA87 457,450 5,014 62,942 777,805 4,293 52,557 666,019 
AVIA88 438,904 6,285 64,967 701 ,085 4,551 55,820 602,379 
CRUZ81 207,776 4,238 53,452 407,602 2,652 31,315 276,884 
CRUZ82 206,134 4,098 46,504 384,769 2,743 38,451 318,139 
CRUZ83 200,590 4,061 35,324 399,456 2,985 29,746 336,374 
CRUZ84 200,243 3,672 28,963 405,539 2,712 23,591 330,320 
CRUZ85 222,193 3,513 20,296 459,326 3,513 20,296 459,326 
CRUZ85 317,302 3,296 17,603 576,725 3,296 17,603 576,725 
CRUZ87 310,390 2,535 18,215 593,789 2,535 18,215 593,789 
CRUZ88 299,212 2,257 16,751 595,398 2,257 16,751 595,398 
LACS81 77,796 993 1 1 ,725 103,672 993 11,725 103,672 
LACS82 86,144 1,086 18,077 128,928 1,086 18,077 128,928 
LACS83 74,379 1 ,100 17,965 120,801 1,100 17,965 120,801 
LACS84 85,427 951 17,892 118,714 951 17,892 118,714 
LACS85 89,357 944 15,120 126,552 944 15,1 20 126,552 
LACS86 86,997 1,028 13,198 113,586 1,028 13,198 113,586 
LACS87 98,077 1,107 11,652 134,217 1,107 11,652 134,217 
LACS88 120,310 1,443 16,196 158,002 1 ,443 16,196 158,002 
LADE81 55,810 485 19,519 85,783 485 19,519 85,783 
LADE82 49,951 481 15,486 83,633 472 10,403 81 ,995 
LADE83 45,540 474 14,403 89,339 416 9,882 78,463 
LADE84 53,754 485 16,867 103,465 391 10,236 83,475 
LADE85 52,684 490 15,143 101 ,661 390 8,586 81 ,006 
LADE86 54,036 509 12,786 101 ,032 407 7,331 80,794 
LADE87 66,093 658 14,1 20 126,690 523 7,393 100,701 
LADE88 94,089 1 ,044 13,491 187,001 608 10,283 142,528 
VARI81 1,273,239 16,793 289,675 2,500,518 12,672 218,586 1,886,866 
VARI82 1,374,576 17,553 288,769 2,666,124 15,081 248,096 2,290,600 
VARI83 1,312,406 16,745 244,201 2,623,762 14,449 210,714 2,263,966 
VARI84 1,507,168 17,557 240,001 2,832,823 15,442 211,090 2,491 ,581 
VARI85 1,624,970 19,383 232,733 2,988,422 15,134 208,112 2,672,277 
VARI86 1,863,740 20,943 228,706 3,373,076 18,248 199,281 2,939,096 
VARI87 1,882,317 23,356 227,767 3,558,728 19,141 186,662 2,916,484 
VARI88 2,074,093 24,179 234,845 3,896,766 7,889 201,445 3,342,568 
AMER81 366,023 916 80,166 704,300 897 78,543 690,038 
AMER82 340,408 768 69,668 670,688 768 69,668 670,688 
AMER83 352,904 930 66,602 648,208 930 66,602 648,208 
AMER84 358,004 874 59,619 629.326 874 59,619 629,326 
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OUTPUT UNADJUSTED INPUTS CCR EFFICIENCY ADJUSTED INPUTS 
TON-KM LABOR FUEL CAPACITY LABOR FUEL CAPACITY 

PERFORMED (# of (Thous. (Ton-KM (# of (Thous. (Ton-KM 
Employees US $) Avai lable) Employees US$) Avai lable) 

(1) (2) (3) (4) (5) (6) (7) 
AMER35 374,594 848 57,236 650,156 848 57,236 650,156 
AMERS6 413,027 973 48,026 712,184 973 48,026 712,184 
AMER87 463,989 1 ,471 53,719 830,306 1,449 47,860 817,611 
AMER88 503,370 1 ,619 53,857 920,699 1,456 46,789 827,920 
CONT81 21 ,820 61 6,228 50,553 50 5,021 41 ,225 
CONT82 22,459 87 6,076 55,914 % 68 4,605 43,473 
CONT83 49,071 72 1 1,432 106,798 72 11,432 106,798 
CONT84 56,731 91 11,644 117,669 91 11,644 117,669 
CONT85 67,507 101 10,748 134,685 101 10,748 134,685 
CONT85 81 ,897 113 8,624 146,578 113 8,624 146,578 
CONT87 130,391 361 13,123 241,805 356 12,930 238,243 
CONT88 220,194 1,133 16,972 414,950 774 16,330 399,257 
DELT81 57,477 174 12,835 112,573 165 12,200 107,004 
DELT82 63,149 168 14,049 133,189 156 12,931 123,794 
DELT83 66,542 162 11,469 122,656 162 11,469 122,656 
DELT84 77,260 139 11 ,878 140,088 139 11,878 140,088 
DELT85 81 ,610 1 51 14,194 165,1 19 143 12,804 155,902 
DELT85 88,164 136 9,959 167,767 1 28 9,344 157,414 
DELT87 165,681 68 16,786 322,394 68 16,786 322,394 
DELT88 221 ,135 251 18,776 377,866 251 18,776 377,866 
EAST81 299,960 532 66,185 575,075 532 66,185 575,075 
EAST82 360,684 1,520 81,852 746,044 1,394 74,109 684,100 
EAST83 491 ,134 1 ,409 99,819 910,344 1,394 93,121 900,367 
EAST84 464,755 2,126 113,763 889,616 1,877 81,063 785,522 
EAST85 453,010 1,389 97,460 851 ,446 1,267 69,696 776,944 
EAST86 473,012 1,218 78,981 889,777 1,116 55,009 815,525 
EAST87 572,923 1,227 92,740 1,111,587 1,161 58,672 1,052,073 
EAST88 567,606 1,365 80,348 1,078,705 1,202 50,746 949,606 
PNAM81 780,640 3,539 155,999 1,485,757 3,374 148,734 1,416,565 
PNAM32 706,900 3 ,482 147,262 1,482,833 3,184 134,665 1,355,991 
PNAM83 590,424 3 ,093 127,845 1,258,631 2,623 108,410 1,067,294 
PNAM84 571 ,505 2,990 103,263 1,061,905 2,735 94,455 971,325 
PNAM85 549,896 2,465 97,249 1,086,712 2,1 14 83,395 931,899 
PNAM86 847,028 2,961 100,513 1,642,322 2,658 90,244 1,474,526 
PNAM87 878,362 3 ,097 111,199 1,780,108 2,698 90,572 1,550,777 
PNAM88 932,369 3 ,223 103,359 1,677,939 2,929 87,730 1,525,045 
WEST81 159,436 1,014 32,271 318,251 892 28,404 280,115 
WEST82 91 ,383 650 21,043 214,832 521 16,872 172,248 
WEST83 97,819 534 19,482 209,088 453 16,526 177,367 
WEST84 100,981 549 18,689 226,357 435 14,809 179,363 
WEST85 96,829 512 17,667 204,978 412 14,226 165,059 
WEST86 93,262 474 10,486 178.514 428 9,477 161 ,330 



TABLE 3 
"t" TESTS FOR THE DIFFERENCE BETWEEN 

MEAN EFFICIENCY RAT1NGS 

GROUPS Number Mean. Standar t value P > | t | 
of Cases d Error 

P > | t | 

SOE - Latin American 48 .884 .013 - 0 . 5 7 0.57 
Privately-owned Latin American 40 .895 .014 

SOE - Latin American 48 .884 .013 - 2.82 .006 ** 
USA -owned 46 .930 .010 

Privately-owned Latin American 40 .895 .014 - 2.08 0.041 
USA - owned 46 .930 .010 * * 

Combined SOE & Pri Latin Am. 88 .889 .010 - 2.75 0.007 
USA - Owned 46 .930 .010 * * 

*** Statistically significant at P < 0.001 
** " " P < 0.05 
* " " P < 0 . 1 



TABLE 4 
SLACK INFORMATION 

CCR MODELSLACKS BCC MODEL SLACKS 

Personnel Fuel Capacity Ton-Km 
Performed 

Personnel Fuel Capacity 

'(1) '(2) '(3) '(4) '(5) •(6) 

AMEX81 404 0 0 0 406 188 0 
AMEX82 0 0 3,214 0 0 0 8,249 
AMEX83 0 0 0 0 0 0 0 
AMEX84 0 0 0 0 0 0 0 
AMEX85 4,293 0 0 0 0 0 0 
AMEX86 2,235 0 0 0 0 0 0 
AMEX87 2,995 0 0 0 3,71 1 0 0 
AMEX88 0 0 0 0 824 0 0 
ARGE81 0 28,103 0 0 0 173,801 0 
ARGE82 0 2,688 0 0 0 71,319 0 
ARGE83 0 90,810 0 0 0 174,963 0 
ARGE84 0 0 0 0 0 0 0 
ARGE85 524 0 0 931 15,036 0 
ARGE86 0 0 0 0 0 0 0 
ARGE87 0 0 0 0 0 0 0 
ARGE88 0 8,677 0 0 0 0 0 
ECUA81 0 0 0 0 0 3 ,622 0 
ECUA82 0 0 0 0 0 0 0 
ECUA83 0 0 0 0 0 0 0 
ECUA84 0 0 0 0 0 0 0 
ECUA85 0 0 0 0 0 0 0 
ECUA86 0 0 0 0 0 0 0 
ECUA87 0 0 0 0 0 0 0 
ECUA88 0 0 0 0 0 0 0 
LCHI81 0 0 0 0 0 0 0 
LCHI82 0 0 0 0 0 0 0 
LCH183 0 0 0 0 0 0 0 
LCHI84 0 0 0 0 0 0 0 
LCHI85 0 0 0 0 0 0 0 
LCHI86 0 0 0 0 0 0 0 
LCHI87 0 0 0 0 0 0 0 
LCHI88 0 0 0 0 0 0 0 
MEXI81 0 0 0 0 0 0 0 
MEXI82 0 0 0 0 0 0 0 
MEXI83 0 0 0 0 0 0 0 
MEXI84 0 0 120,708 0 0 0 159,849 
MEXI85 3,677 0 0 0 0 0 12,866 
MEXI86 1,368 0 0 0 0 0 0 
MEXI87 2,075 0 0 0 2,829 0 0 
MEXI88 1 ,947 0 0 0 0 0 0 
PERU81 0 0 0 0 0 0 0 
PERU82 0 0 0 0 1 1 3 0 32,973 
PERU83 0 0 0 0 0 0 0 
PERU84 0 0 0 0 0 0 0 
PERU85 202 0 0 0 158 0 0 
PERU86 0 0 0 0 0 45 0 
PERU87 0 4,515 0 0 0 5,190 0 
PERU88 0 17,632 0 0 0 1 7,974 0 



CCR MODEL SLACKS BCC MODEL SLACKS 

Personnel Fuel Capacity Ton-Km 
Performed 

Personnel Fuel Capacity 

•(1) '(2) '(3) '(4) '(5) '(6) '(7) 

AVIA81 0 0 0 0 11 7 69,702 0 
AVI A82 0 0 0 0 0 0 0 
AVIA83 178 0 0 0 419 61,321 0 
A VI A84 0 0 0 0 0 0 0 
AVIA85 0 0 0 0 0 0 0 
AVIA86 0 0 0 0 0 13,709 0 
AVIA87 0 1,339 0 0 0 6,183 0 
AVI A88 325 0 0 0 1,607 0 0 
CRUZ81 227 4,995 0 0 370 23,475 0 
CRUZ82 645 0 0 0 705 980 0 
CRUZ83 434 0 0 0 458 5,249 0 
CRUZ84 279 0 0 0 0 0 0 
CRUZ85 0 0 0 0 0 0 0 
CRUZ86 0 0 0 0 0 0 0 
CRUZ87 0 0 0 0 0 0 0 
CRUZ88 0 0 0 0 0 0 0 
LACS81 0 0 0 0 0 0 0 
LACS82 0 0 0 0 0 0 0 
LACS83 0 0 0 0 0 0 0 
LACS84 0 0 0 0 0 0 0 
LACS85 0 0 0 0 0 0 0 
LACS86 0 0 0 0 0 0 0 
LACS87 0 0 0 0 0 0 0 
LACS88 0 0 0 0 0 0 0 
LADE81 0 0 0 0 0 0 0 
LADE82 0 0 0 0 0 0 0 
LADE83 0 4,184 0 0 0 0 0 
LADE84 0 4,544 0 0 0 0 0 
LADE85 0 3,765 0 0 0 0 0 
LADE86 0 3,289 0 0 0 0 0 
LADE87 0 3,830 0 0 0 0 0 
LADE88 0 0 0 0 0 0 0 
VARI81 0 0 0 0 0 0 0 
VARI82 0 0 0 0 0 0 0 
VARI83 0 0 0 0 0 0 0 
VARI84 0 0 0 0 404 0 0 
VARI85 2,199 0 0 0 0 0 0 
VARI86 0 0 0 0 0 0 0 
VARI87 0 0 0 0 0 0 0 
VARI88 358 0 0 0 0 0 0 
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A P P E N D I X B 

A S U M M A R Y O F S T O C H A S T I C F R O N T I E R S T U D I E S 

Far rei (1957) 

Scope: Agricultural Production in the U.S., 1952. 

Model: Cobb-Douglass 

K = X? A 

where: 

K = output, X, = inputs (labor, land, and capital), and r, = statistical error. 

Error term assumptions 

F. ~ A'(0, CJ2) 

Assumptions about the independent variables 

- "All inputs and outputs arc correctly measured." (p.254). 

- Admits "small error of obscvation" (p.263). 

Estimation Methods 

- OLS 

Comments 
- Error terms discussed by J.A.C. Brown (p.287), and Farrcl referred to it as 
a ' knotty little problem" (p.290). 
- Discusses the method of estimation from a statistical point of view (p.263). 
- Estimates "best practico" paramctric frontier cmploving 100% efficient 
DM Us only. 
- Having only 9 fully efficient observations he states "the the paraphernalia 
of regresión analysis is clearly unjustified" (p. 277). Nevertheless he estimates 
the "best practice" frontier for illustration purposes. 

Aigner, Amemiya, and Poirier (1976) 
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Scope: US metals industry and artificial data. 

Model: Cobb-Douglas 

where: 

.v0 = output , .v, = inputs, i =• 1, 2, 3, bf arc the parameters to be estimated and 
r. is statistical error. 

Error term assumptions 

where: 

r* - N(0, a2) for 0 < 0 < 1 and £,* ~ truncated normal (with mean 
± 0.798 sigma, and variance ().363rr2), positive when 
0 = 0 and negative when 0 = 1 , respectively. 

Assumptions about the independent variables 

Values for the inputs are given: they are "exogenous" and assumed to be free 
of statistical error. See expression for x, above, in the model formulation 

Estimation Methods 

- OLS = Ordinary Least Squares 
- Corrected OLS 
- ML = Maximum Likelihood 

Comments 

- Precursor of Aigner, Lovell and Schmidt (1977) which is reported here. 
- Unified t reatment of frontier and average production functions, and ordi-
nary least squares 

Aigner, Lovell and Schmidt (1977) 

Different weights are assumed for positive and negative residuals. 

Scope: US Metals Industry 1957-58; US Agriculture 1960-65. 

Model: Cobb-Douglas , which is logarithmically transformed into 



where: 

vt = output , X = vector of inputs, and fi a vector of coefficients with pa-
rameter values to be estimated and c, is the error term, which is composed by 
Ht, the incflicicncy component and v„ random error component . 

Error term assumptions 

v, and fx, arc independent 

Assumptions about the independent variables 

- X is a vector of exogenous variables implicitly assumed to be free of obser-
vational error. 

Estimation Methods 

r.t = V, + ¡i, where 

/ ! ,= - | / i * U * ~ N ( 0 , ai) 

vf - Ar(0, a?) 

- OLS 
- M L 

Comments 

- Seminal piece on stochastical frontiers. 

Meensen and Van den Broeck (1977-a) 

Scope: Ten French Manufactur ing Industries. 

Model: Cobb-Douglas 

n 

J = 

where: 
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vt represents output at time "t," xtf represents amount of input j , . / = 1, ... ,/;, 
at time "t," and A, and the/?, are the parameters to be estimated. 
c Zf is the efficiency error component , and e v> is the statistical error component. 

Error term assumptions 

e-7.t ^ __yf } l a s a n exponential distribution 

N(0, a2) 

Assumptions about the independent variables 

The independent variables xtJ arc "free of error," both managerial and statis-
tical error. 

Estimation Methods 

- ML 

Comments 

- I n d e p e n d e n t s introduced the composed error model. 
- Builds on Afriat (1972), and Richmond (1974) 
- In a related piece, Mccuscn and Van den Broeck (1977-b), the authors study 
the correlation of X, , the matrix of independent variables (i.e., the inputs) 
with the inefficiency error component , e Zt. , but the study is seriously defi-
cient because it continues to assume that the independent variables arc free 
of both statistical and managerial error in the estimation method employed. 
In addition, this later piece incurs in a contradiction: assumes independent 
variables for estimation purposes 'Tree of error," but then studies input inef-
ficiencies such as labor and capital inefficiencies as derived from this statistical 
analysis. 

Lee and Tyler (1978) 

Scope: Brazilian Manufactur ing firms 

Model: Cobb-Douglas , which is logarithmically represented by 

v = Xfi + c 

r, = v — fi 

where: 

in logarithmic units, y is an output vector, X is a vector of inputs, /? is a vector 
of parameters to be estimated and r, is an error term with components 
c = (v — /i) representing statistical noise and inefficiency, respectively. 

Error term assumptions 
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v — N (0, a?) // — "a one-sided, non-posi t ive error, which is derived from a 
normal (0, a2) distr ibution t runcated f rom above" (p. 386). 

Assumptions about the independent variables 

- Assumes " independence o f > and the inputs in X" (p.387), however contra-
dicts this asssumpt ion when assert ing > is reflected in, e.g., poor managerial 
skills, work s toppages , material bot t lenecks, and low employee ef for t / ' (p. 
386), which implies tha t these inefficiencies arc reflected in X,j>, or both . 
- N o explicit assumpt ion a b o u t errors (or lack of thereof) in the independent 
variables. 

Estimation Methods 

- OLS 

- M L 

Comments 

- Employs firm-level da ta - Builds upon Aigncr, Lovell and Schmidt (1977). 

Van den Broeck, rorsund, Hjalmarsson , and Meeusen (1980) 

Scope: Swedish dairy industry, 1964-1973. 

Model: C o b b - D o u g l a s 

x = A I"1 KrtK e'px 

where: 

x represents tons of milk, L represents labor, /^represents capital, a L and 
represent the scalc funct ion pa ramete r s to be est imated, and c/p* is the error 
term c o m p o n e n t of — Z0 — Z,, where Zn is statistical and Zi is managerial er-
ror or inefficiency. 

Error term assumptions 

Adop t s a "composed error" model in which e Px = <rzo 71, where Z 0 ~ /V(0, a) 
is the r a n d o m noise componen t , and Z l ~ /2z,(zl) = (14- a)e 0 4*)Z1 is the effi-
ciency componen t , which is assumed to follow an exponential distribution. 

Assumptions about the independent variables 

- "The input s t ructure of each unit observed is given." (p. 136). 

Estimation Methods 
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- LP 
- ML 

Comments 

- Compares deterministic (linear programming) and stochastic frontiers 
- Analysis combines cross section and time scries data. 
- Production frontier found to be a neutral shift of the average (interior points 
OLS) production functions. 
- Empirically the same D M I Js appear above the frontier in 3 consecutive 
years. This would appear to contradict the assumptions that they are ran-
domly distributed (i.e., contradicts the statistical error assumption that these 
observations will fall above and below the frontier randomly). 
- HfTcctivc use of graphs to interpret production functions, elasticity curves, 
isoquants, etc., and good discussion about aggregate efficiency. 
- Defines optimal scale output as jc = (1 - a)//?. Where a and/?, are the 
scale function parameters" previously defined by (af flK). 

Kopp and Smith (1980) 

Scope: US Llcctric Plants 1969-1973 

Models: Cobb-Douglas , Translog, and CES (Constant Elasticity of Substitution). 

The three models arc specified in terms of the following translog function 
which specializes to the other two functions on certain assumptions. 

2 2 2 

In Qk = ocn + In Xik + y £ £ V/,ln X ' * l n XJk " 

/ = 1 i = \j = 1 

where: 

Qk = observed output of the kth unit 
Xik = vector of input levels ( i= 1,2 ) for kth unit 
>'11 + };22 — 2y12 = 0 — > CES restrictions. 
>'n = y 12 = y22 = 0 - -> Cobb-Douglas restrictions. 

Error term assumptions 

Adopts the composed error model, = where v and /i are statistical 
noise and inefTicicncy, respectively, with 

r>i ~ (/.i, a2) with c, > 0 for all i 

= vf- 4- ^ 

where: v( - (0, n2), ^ ^ truncated normal, and /¿ and v arc independent. 
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/<(r„) = /:(/<,) == ( J 2 l j ^ ) a ( t 

V(ct) = K(/if) + i/(v,) = [(TT -- 2)/7r]r7j + nj-

Assumptions about the independent variables 

- All error is assumed to be in the dependent variable (see above expression). 

Estimation Methods 

- Linear Programming 
- Corrected OLS 
- M L 

Comments 

- Interest centers on comparing results from the 3 functional forms and 3 
methods of estimation 

Kopp and Mullahi (1990) 

Scope: Electricity Generat ion Plants 

ModelrCobb-Douglas 

yt = a + xuP + vg + fit = xtS + v, + \it 

where: 

y„ in logarithmic units, is a scalar measure of cost; a is a scalar, /? a a vector 
of slope parameters to be estimated, xu is a vector of input prices and output; 
v, and represent statistical error and incfficicncy, respectively; and 
<* = («, PI 

Error term assumptions 

- fit and v, are assumed to be uncor rec ted with x, 
- fn{f*t), the distribution of inefTicicncics, is correctly specified 
- v„ the statistical error component , is conditionally 
symmetric around zero with well behaved higher order moments. 

Assumptions about the independent variables 

- Assumes that the independent variables represented in x arc free of error and 
free of inefTicicncics (sec the way the model is written). 

Estimation Methods 
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- Generalized Me thod of M o m e n t s - G M M 

Comments 

- This is the first paper which deviates f rom other studies in which the noise 
c o m p o n e n t is assumed to be iid normal. 
- Develops a test to determine whether the data arc consistent with a asym-
metrically distr ibuted inefficiency componen t (p. 173). 
- The paper aims to show tha t momen t based estimates arc more robust than 
max imum likelihood est imators in response to misspccificaqtion of the sym-
metric error assumed for /i. 
- The au tho r s employ 3 different data sets and apply tests to see if they con-
form to underlying assumpt ions abou t the error terms. F rom the 3 data sets 
two "pass" the test. The third fails and for this data set "the results o r the 
symmetry test suggest tha t there is little hope of separat ing the errors due to 
inefficiencies f rom simple r andom noise." P. 179. 
- The au thors no te that C O L S (Corrected Ordinary Least Squares) frontier 
est imation is also a moment -based method. 

Cormvell, Schmidt and Sickles (1990) 

Scope: US Airlines 1970-1981 

Model: Translog 

Yit = XltB + Witd, + K + c„ 

where: 

F„ and Xit represent ou tpu t "i" on period "t," respectively. Wit contains an in-
tercept plus t ime and time squared which arc individually-varying and Z„ 

Error term assumptions 

= Vit -f fiit 
tot = 0n 4- On + 0irt2 

lV,<=l0n0 l 20 l i ' ] = [ l 1 t 1 

Assumptions about the independent variables 

- N o explicit a s sumpt ion is made abou t errors (or lack of thereof). 
- Corre la t ions between efficiency term and X, arc admisible. 

Estimation Methods 

- General ized LS 
- M L 

Comments 
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- Introduces a procedure to estimate firm-specific inefficiencies. Relaxes the 
assumption that firm inefficiencies are time invariant. 
- Overcomes problems associated with the distributional assumptions of the 
composed error model by using panel data. 
- Single output model 

Greene (1990) 

Scope: US Electric Utility Industry 

Model: Translog 

\n{CostlPf) = /?„ + /?, In Q + p2 In2q + /?, l n ( / y Pf) 4- /?4 In{PJP,) + c 

c = v + fJ. 

where: 

Q — is output ; Pi,/7* and Pf are the three factor prices corresponding to labor, 
capital and fuel, r, is the error term, composed o f v and the statistical noise 
and inefficicncy components , respectively. 

Error term assumptions 

u ~ G ( 0 , P) and v - /V(0, a2) 

where G regcrs to the gamma and N to the normal distribution, respectively. 

Assumptions about the independent variables 
- Interest is in the effect of errors of measurement on the dependent variable 
(p. 142). 

- Implicitly assumes tha t independent variables arc free of error. 

Estimation Methods 

- Corrected OLS - M E 

Comments 

Argues advantages of G a m m a distribution for representing u versus use of 
half normal and exponential distributions. 

Thiry and Tulkens (1990). 

Scope: Belgian Urban Transit Companies 1977-1985 
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Model: Translog 

3 3 

l o g y = «o + X A l o g + IlYJ'*!' l o g X i l o g x j + r -
/ = 1 / = 1 ./ 

where: 

Y = ou tpu t (scats-km), Xf for / = 1, 2, 3 inputs (energy in kwh, labor in hours 
of work, and seat-vehicles). 

Error term assumptions 

- Normal ly distributed 

Assumptions about the independent variables 

- Recognizes presence of inciTicicncics by eliminating the observations con-
taining them. 

Estimation Methods 

- OLS 

Comments 

- Follows approach introduced by Farrel (1957) to estimate "best practice" 
product ion funct ion in two stages. First, employing the "Free Disposal Hull 
(FDI1) method to identify efficient DM Us, the authors separate those units 
located on the efficicncy frontier and those located below the frontier; second, 
the latter group are discarded and the "best practice" frontier is estimated by 
OLS employing only the set of "efficient units" located on the frontier. 
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