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The construction and analysis of Pareto-efticient frontier production functions by a new Data 
Envelopment Analysis method is presented in the context of new theoretical characterizations of 
the inherent structure and capabilities of such empirical production functions. Contrasts and 
connections with other developments, including solutions of some remaining problems, are made 
re aspects such as informatics, economies of scale, isotonicity and non-concavity, discretionary and 
non-discretionary inputs, piecewise linearity, partial derivatives and Cobb-Douglas properties of 
the functions, Non-Archimedean constructs are not required. 

1. Introduction 

Classically, the economic theory of production is heavily based on the 
conceptual use of the Pareto-efficiency (or Pareto-optimal) frontier of produc-
tion possibility sets to define the production function. The work of Shephard 
(1953,1970), under restrictions on the mathematical structure of production 
possibility sets and cost relations, developed an elegant 'transform' theory 
between production aspects and cost aspects as in Charnes, Cooper and 
Schinnar (1982). This was applied to various classes of explicitly given para-
metric functional forms, and problems of statistical estimation of parameters 
from data were considered in classical statistical contexts especially by succes-
sors like Afriat (1972), Aigner, Lovell and Schmidt (1977), and Forsund and 
Hjalmarsson (1979).1 These efforts were almost exclusively for single-output 
functions. 

Farrell (1957), partly responding to the inadequacies of separate indices of 
labor productivity, capital productivity, etc., undertook what he referred to as 

•Th i s research was partly supported by NSF Grant SES-8408134 and USARI Contract 
MDA903-83-K-0312 with the Center for Cybernetic Studies, The University of Texas at Austin. 
Reproduction in whole or in part is permitted for any purpose of the Unisted States Government. 

1 The need for some method of estimating frontier functions had been pointed out as early as 
1935 by R. Frisch (1935) in his statistical study of chocolate production in France. 
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an 'activity analysis' approach2 that could deal more adequately with the 
problem. Possibly because of the limitations of the elaborate matrix inversion 
routines he was employing, Farrell confined his numerical examples and 
discussion to single-output situations, although he did formulate the multiple-
output case. If anything, the need for being able to deal directly with multiple 
outputs has grown ever more urgent 'with the continuing growth of the 
not-for-profit and service sectors in the United States and other 'western type' 
economies. As we have elsewhere observed,3 one can otherwise do almost 
nothing with important parts of not-for-profit and governmental activities 
without becoming involved in arbitrary weighting schemes. Even attempts at 
measuring and evaluating 'total factor productivity' will fall short of what is 
required since this is inherently a single-output concept. Farrell was right, 
therefore, in re-orienting the direction of development toward the various types 
of efficiencies that he referred to as 'technical', 'scale', and 'allocative efficien-
cies'. 

Building on the individual firm or country ( = Decision Making Unit)4 

evaluations of Farrell and the engineering ratio idea of efficiency measure for a 
single-input, single-output efficiency analysis in its managerial aspects and its 
constructible extensions to multi-input, multi-output situations was initiated 
by Charnes, Cooper and Rhodes (1978,1981). Subsequent extensions and 
elaborations by the former parr with other students and colleagues [Charnes, 
Cooper, Lewin, Morey and Rousseau (forthcoming), Charnes, Cooper, Seiford 
and Stutz (1982,1983), and Charnes, Cooper and Sherman (forthcoming)] were 
made with more detailed attention to classical economic aspects and deeper 
analysis of the production function side of the mathematical duality structure 
and Data Envelopment Analysis first presented in the original CCR work. The 
CCR ratio measures and the variants of Farrell, Shephard, Fare et al. on the 
dual linear programming side require, however, non-Archimedean constructs 
for rigorous theory and usage. Their solution methods also do not easily 
provide important needed properties of their associated empirical production 
functions. 

Thus, in this paper we introduce as basic the idea of Pareto-optimality with 
respect to an empirically defined production possibility set. We characterize 
the mathematical structures permitted under our minimal assumptions and 
contrast these with work by others. Properties such as isotonicity, non-concav-
ity, economies of scale, piece-wise linearity, Cobb-Douglas forms, discretion-
ary and non-discretionary inputs are treated through a new Data Envelopment 

2 In the sense of the original work by T.C. Koopmans that is described in Chapter IX of Charnes 
and Cooper (1980) where it was also accorded an explicit linear programming formulation and 
interpretation. 

3 Sec Banker, Bowlin, Charnes and Cooper (in process). 
4 This term was introduced in Charnes, Cooper and Rhodes (1978) and contracted to DMU 

because it was recognized that something like it was needed to refer to public sector organizations. 
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eflkierKy analysis or use of non-Archimedean field extensions. 

2. Empirical function setting and generation 

domain are given by linear (usually c o n v t * comoonent values of the 

assume this for output values as well. . b v a f i n i t e number of 
In efficiency analysis, observations are S ^ e d ^ a J n 

'DMUs' , or 'productive', or 'response umts^ l o f w h - ^ ^ J 
and outputs. A re.ative ^ . e n c y raU^g ^ o ^ ^ I j t h e rCsuUs of 

non-negative (sometimes posiUvO number. o b s e r v c d v e c t o r s o f 

¿ » » « ^ ¿ « - W K S 

3 A hypograph empirical production possibility set 
• • . V ! Y v \ /•= 1 n, with ( w x 1) ' i npu t ' 

we deline the 'empirical 

production^et' to be the convex hull of these pomts, i.e., 

* M ( x . y ) : x - i X f i j , y - Z YjUjMj * = l)" (3"l) 

I J-i J-1 1 

We extend it to our 'empirical production possibility set' 1 B by * 
all p^>ints^vHh inputs and outputs not greater than some output m 
i.e., 
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Note that is contained in (e.g., is smaller than) every production possibility 
set heretofore employed, i.e., those studies by Farrell (1957), Shephard (1970), 
Banker, Charnes and Cooper (1984), Fare and Lovell (1978), etc. We also use 
fewer axioms than the others, including even Banker (1984) who, up to this 
point in journal publication, had used the most parsimonious axiom system to 
characterize the production possibility set of DEA.5 The Farrell, Shephard, 
F^re sets are (truncated) cones; the BCC set (when not also a cone) adds to J2, 
the set 

{(*, y): x ^ y = j> for some (x, y) .}. 

These relations may be visualized in the schematic plot of fig. 1, where 
the BCC set is and the Farrell, Shephard, Fare set is 

denote the sets corresponding to and S K when only the 
output y< is the ordinate. Evidently a frontier function ft( A ) is determined by 

f X x ) - maxy, for ( x j j e i ' , (3.3) 

Then: 

Theorem 1. is (he hypograph o f f t ( x ) over (x, y)^£>[:}. 

5Our usage antedates his since we used this in the Ph.D. and other work with Rhodes (the 4R' of 
CCR), 
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Proof. The hypograph H, of / , (*) is the set 

Let S E denote {*:(*, It is. the domain (the input set) of our 

empirical frontier functions. 

Theorem 2. /,(*) is a concave, piecewise linear function on 

Proof. A necessary and sufficient condition for / , (*) to be c o n c a v e ^ t h a t its 
hypograph is a convex set [cf. Rockafellar (1970) or Fenchel (1953)]. The 
piecewise linearity also follows from the construction of J , by all convex 
combinations of the empirical points (A",, Yj\ j - \ • 

We further observe explicitly that no use whatever has been made of 
non-negativity of input and output values in the sets, functions or proof of 
Theorems 1 and 2. Therefore, they hold without this restriction - a tact wc 

shall employ elsewhere. 
Also no assumptions have been made about the properties of any underly-

ing function, or function hypograph, from which the (* , , V) of our empirical 
construct may be considered samples. Theorem 2 shows, therefore, that any 
empirical (maximum) frontier function is the 'concave cap function of its 
graph. 

4. The empirical Pareto-efflcient production function 

A Pareto-efficient (minimum) point for a finite set of functions 

*» (* ) , . . . . g* (* ) i s a P ° i n t s u c h t h a l t h e r e iS n ° ° t h e r P O m t * 
domain of these functions such that 

«*(*)*&(*•). * = 1 ( 4 1 ) 

with at least one strict inequality. Charnes and Cooper (1962 ch. IX) showed 
that x* is Pareto-efficient iff x* is an optimal solution to the mathematical 

(goal) program6 

m i n L g * ( x ) subject to **(x) £ « * ( * * ) . * = 1 K - ( 4 2 ) 

* A-l 

This was employed by Ben-Israel, Ben-Tal and Charnes (1977) to develop the 

"For a formal definition of goal programming and some of its history, see Charnes and Cooper 

(1977). 
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currently strongest necessary and sufficient conditions for a Pareto-minimum 
in convex programming. 

Utilizing (4.2) we can now define and construct, im(or explicitly, 
the Pareto-efficient empirical (frontier) production function. Because of 
Koopmans' work in this area [see Charnes and Cooper (1961)], we shall use 
interchangeably the designations 4 Pareto-efficient' and 4 Pareto-Koopmans effi-
cient\ etc. in this paper. Other usages of (4.2) to generalizations such as the 
'functional efficiency' of Charnes and Cooper <1961) will not be developed 
here. 

First, by (4.2), the Pareto-efficient points among our n empirical points can 
be determined. The empirical Pareto-efficient function is then defined on the 
convex hull of their inputs by convex combinations of the 'output* values. Note 
that the convex hull of the Pareto-efficient points might not include all of 
since only the doubled line portion of the frontier corresponds to Pareto-effi-
cient points. 

Since for efficient production we wish to maximize on outputs while mini-
mizing on inputs, our relevant gA(x) include both outputs and inputs, e.g., 

For the optimization in (4.2) we clearly need only consider (x, rather 
than Thus the constraint inequalities in (4.2) are for a test point (x*, y*): 

and we have, since these are the envelopment constraints of Data Envelopment 
Analysis for an observed input vector x* and cofresponding output vector >'*: 

Theorem 3. The envelopment constraints of Data Envelopment Analysis in 
production analysis are the Charnes-Cooper constraints of (4.2) for testing 
Pareto-Koopmans efficiency of an empirical production point. 

In no way is what we call 'Data Envelopment Analysis' restricted to linear 
constant returns to scale functions or to truncated cone domains. Evidently via 
(4.2), Data Envelopment Analysis applies to much more general convex 
functions, function domains and other situations than the current empirical 
production function one. 

To test an empirical ' input-output ' point (X0, Y0) for Pareto-Koopmans 
efficiency, the Charnes-Cooper test of (4.2) becomes 

-Sâ(a-)Ava, 1 <k<s, 

= -A* , , A = vY 4- / , / = ! , . . . , m , f o r ( J C , y ) E I 
(4.3) 

(4.4) 

min -eTY\ + erXX, 
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subject to 
Y \ - S + - Y 0 , - X \ - S ~ - - X 0 , eTX = 1 , ( 4 - 5 ) 

X , . ? V ~ > 0, 

where 

x*[xt * , ] . r t f r y„]. 

Since - eT( YX - Y0) + <?T( XX - X0) is an equivalent functional (it differs from 
the above one only by a constant), we can rewrite the problem for convenience 
in later comparisons as 

min - eTs + - ers~, 
A , v \ .V 

subject to 

Y\-S>=Y0, - X \ - s - ' - X 0 . C t X = 1 , (4 .6) 

X,x\s >0. 
Here, m i n - ( V - < V - f V * - e V ' - 0 if and only if Y0, XA is 
Pareto-Koopmans efficient.7 This is the new DEA form for obtaining and 
characterizing the production possibility set J , via ^ The linear program 
(4 6) maximizes the /.-distance of a point in to ( * 0 . Ya). We solve (4.6) for 
all n DMUs considered as (* („K0). From these we get theeffic.ent and 
non-efficient points and can construct as desired the points of ^ by convex 
combinations. As we shall see later, other variations of S K can be accommo-
dated easily by simple modifications of or additions to the constraints on X. Its 
informatics and software, as developed by Ali and Stutz of the Center for 
Cybernetic Studies of The University of Texas at Austin, involve only minor 
modification from that of Charnes, Cooper, Seiford and Stutz (1983). 

5. Efficiency analysis 
As mentioned, managerial and program comparison a s p e c t s of eniciency 

analysis were initiated in Charnes, Cooper and Rhodes ( 978,1981) and 
Charnes and Cooper (1980), through a generalization of the single-input 
single-output absolute efficiency determination of classical engineering and 
science to multi-input, multi-output relative efficiencies of a finite number of 
decision-makiog units 'DMUs' (sometimes called 'productive units or re-
sponse* units). The multi-input, multi-output situations were reduced to vir-
tual' single-input, single-output ones through use of virtual multipliers and 

'See Charnes and Cooper (1961, ch. IX). 
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sums. Explicitly, the CCR ratio measure of efficiency of the D M U designated 
'0 ' is given by the non-linear, non-convex, non-Archimedean fractional pro-
gram [see Charnes, Cooper, Lewin, Morey and Rousseau (forthcoming)] 

ma x t j t V £ t * 0 , 

subject to 

i f Y j / F X j i h -iiT/iTXo4-eeT> - £ T / £ T * o < (5.1) 

for j = 1 , . . . , n% where the entries of the Xj and Y- are assumed positive, e is a 
non-Archimedean infinitesimal, eT is a row vector of ones, and, by abuse of 
notation, has s entries for TJt, m entries for £T. (X0iY0) is one of the n 
inpu t -ou tpu t pairs. 

Employing the Charnes-Cooper transformation of fractional programming8 

/iT-HT/€T*o. PT±eATX0< vTXo=l, (5.2) 

we obtain the dual non-Archimedean linear programs 

maxjuTy0, 

subject to 

PtX0- 1 , FIRY-VTX£ 0 , - i > T < ; - e < ? T , ( 5 . 3 ) 

and 

min 0 - + — eers~> 

subject to 

T X - j + - y 0 , 0Xo-X\-s~-0% 

A ^ V - ^ 0, 

where 

The first problem is associated with the origin of the term 'Data Envelop-
ment Analysis' since the minimization (a) envelops the output vector Y0 from 
above and (b) envelops the input vector XQ from below via the minimizing 
choice of the scalar value of the intensity $ * » mind. The second problem is 
said to be in efficiency analysis form with the maximization oriented toward 
the choice of IJLt and vT (called virtual multipliers or transformation rates) 

8 See Charnes and Cooper (1962) and Schaible (1974). 
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which produces the greatest rate of virtual output per unit virtual input 
allowed by the first constraint together with the requirements (a) virtual output 
cannot exceed virtual input and (b) all virtual transformation rates must be 
positive. 

Although, clearly, no assumptions have been made concerning the type of 
functional relations for the input-output pairs ( A t h e minimization 
program may be recognized as having the Data Envelopment Analysis con-
straints for an empirical production possibility set of Farrell, Shephard, etc. 
cone type and, since 

is an equivalent form for the functional, as being a Charnes-Cooper Pareto-
optimality test for (OX0,Y0) over the cone on the (A'7, V,), y = 1 , . . . , / ; , with 
pre-emption on the intensity 6 of input A'0. As mentioned above, DMU() is 
efficient iff 0* = 1, s* ' = 0, s* = 0. 

Re informatics, which are particularly important since all n efficiency 
evaluations must be made (i.e., n linear programs must be solved), the dual 
problem can be computed exactly (in the base field) as shown in Charnes and 
Cooper (1961), e.g., with the code NONARC of Dr. I. Ali (Center for 
Cybernetic Studies, The University of Texas at Austin), or approximately by 
using a sufficiently small numerical value for e. A typical efficient point is 
designated by (a\ >') in fig. 1. 

If a DMU is inefficient, the optimal X* > 0 in its DEA problem 
(«Charnes -Cooper test) designate efficient DMUs, as do alternate optima. 
Thus, a 'proper' subset of the efficient DMUs determines the efficiency value 
of an inefficient DMU. The convex combinations of this subset are also 
efficient. Thereby to each inefficient DMU a 'facet' of efficient DMU is 
associated. The transformation, 

where the asterisk designates optimality, projects DMU0, i.e., ( X0% Y()\ onto its 
efficiency facet. 

This projection was introduced by Charnes, Cooper and Rhodes (1981) to 
correct for differences in managerial ability in order to distinguish between 
'program* and 'managerial efficiency' in their analysis of programs Follow-
Through and non-Follow-Through. It also shows quantitatively what improve-
ments in inputs and outputs will (ceteris paribus) bring a DMU to efficient 
operation.9 Thus, although the relative efficiency measure of an inefficient 

9The analysis by Bessent, Bessent, Charnes, Cooper and Thorogood (1983) shows how one 
might take account of the possible effects on other DMUs when one or more of the efficient 
DMUs is altered. 

0-e[eTY\-eTX\] (5.4) 

X0-+6*X0-s*~, Y0-+ Y0 + s*\ (5.5) 
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DMU will involve the infinitesimal e, wow-infinitesimal changes for improve-
ment are suggested. 

Both Farrell and Shephard knew that ratio measures required adjustments to 
correctly exhibit inefficiency of the second DMU in examples like the following 
two-input, one-output, two-DMU case: 

DMU ^ x 2 v 
_ 1 1 ~2 1 

2 1 4 1 

Farrell added geometric points at infinity; Shephard simply excluded such 
cases without giving a method for their exclusion. The non-Archimedean 
extension in the CCR formulation was introduced to have an algebraically 
closed system of linear programming type. Linear programming theory holds 
for non-Archimedean as well as Archimedean entries in the vector and matrix 
problem data.10 

Our new Pareto-efficient DEA method like in Charnes, Cooper, Seiford and 
Stutz (1983) associates facets with non-optimal ( = non-Pareto-efficient) DMUs. 
Clearly, by the Charnes-Cooper test, DMU() is Pareto-efficient (Pareto-effi-
cient) DMUs. Clearly, by the Charnes-Cooper test, DMU0 is Pareto-efficient 
(Pareto-optimal) iff -ers*+ - eTs*~= 0, i.e., iff the /^distance from Y{)) 
to the farthest * northwesterly* £te point is zero. The CCR efficient DMUs are 
also among the new Pareto-efficient DMUs. Projection of a non-optimal DMU 
onto its Pareto-efficient facet is rendered by 

XQ->X0-s*~\ r 0 - Y0 + s*\ (5.6) 

To achieve a convenient efficiency measure, we modify the functional by 
multiplying it by a 8 > 0 and dividing the s 4 and s by respectively the entries 
in Y0 and XQi e.g., 

-8eTp-l(Y0)s + -6eTD-l(X0)s-, (5.7) 

where Z>~l(K0) and D~\X0) are diagonal matrices whose diagonals are the 
reciprocals of the entries in Y0 and X0 respectively. This achieves a units-
invariant measure which may be thought of as the logarithm of the efficiency 
measure. A 8 ® 1 0 / ( m 4- s) will yield a logarithm between 0 and - 1 0 . This 
measure might then be called the 'efficiency pH* analogy with the pH of 
chemistry. 

Our new measure relates to the units-invariant multiplicative measure of 
Charnes, Cooper, Seiford and Stutz (1983) which is necessary and sufficient 

10 See the discussion in Charnes and Cooper (1961, p. 756). 
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that the DEA envelopments be piecewise Cobb-Douglas, by considering the 
entries in the XJ9 YJ to be logarithms of the entries in Xj9 Yj which we employ 
in the multiplicative formulation. 

6. Informatics and function properties 
/ 

6.1. Partial derivatives 
T h e g u i d a n c e p r o v i d e d by the C h a r n e s - C o o p e r - R h o d e s , 

Banker-Charnes-Cooper, Charnes-Coopcr-Seiford-Stutz formulations does 
not include convenient access to the rates of change of the outputs with change 
in the inputs The optimal dual variables in the DEA side linear programming 
problems give rates of change of the efficiency measure with changes in inputs 
or outputs The non-Archimedean formulations further may give infinitesimal 
rates, which are not easily employed. And, for most of the efficient points one 
has /w/i-dilVerentiability because they are extreme points rather than (relative 
interior points. Nevertheless, because of the informatics, e.g., computational 
tactics, we employ in testing via Charnes-Cooper for Pareto-effic.ency, the 
following constructive method can be employed. 

On reaching a non-Pareto-efficient point, our software discovers all the 
optimal observed points in its facet, hence, implicitly, all the convex combina-
tions which form the facet. Since the Pareto-efficient facet is a linear surface it 
is not only d i f fe ren t ia te everywhere in its relative interior but all its partial 
derivatives are constant throughout the facet. Thus, we need only obtain these 
for any relative interior point of the facet to have them for the whole facet. 

Let 

F ( x , xm,yi,...,y,)-0 (6-D 

be the linear equation of the facet. Since we have sufficient differentiability in 
the neighborhood of an interior point (x, P). we know 

dyJdxH,.,--{dF/3x,)A3F/3yX { 6 2 ) 

where the right-side partial derivatives are also evaluated at (x, y). Suppose we 
run the Charnes-Cooper test with (x, y ) as the point being tested. Then the 
optimal dual variables corresponding to the input and output y, are 
respectively (dF/dx,)\x<f (dF/dy,)\-xrr Thus, the rate of change of 
output y, with respect to input x, is simply the negative of the ratio of the 
optimal dual x, constraint variable to the optimal dual y, constraint variable! 

"See also Charnes, Cooper and Rhodes (1978, p. 439) for a discussion which can now relate this 
development to the ordinary conditions of economic theory for equality between rat.os of margmal 
productivities and marginal rates of substitution. 
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More specifically, all Pareto-efficient ( X j , Y f ) of the facet for the point (a% y) 
satisfy 

where (jti*T, p*T) are the dual evaluators at an,optimal basic solution, since 
they do not depend on the Chames-Cooper test right-hand sides. Thereby, 

Clearly, /a* = dF/dyt and —vf = dF/dxi as already stated. 
It should be borne in mind, of course, that these rates of change are valid 

only for changes which keep one within the facet. 

6.2. Isotonicity and economies of scale 

To date the structure, or 'geometry1, of empirical Pareto-efficient production 
functions has received little attention. The structure depends on and varies 
with the 'production possibility' or 'reference' set chosen. Here we make a 
beginning for our new set QE and leave to later research more in-depth and 
broader explorations including those for other reference sets. 

In many practical situations we try to choose inputs and outputs with the 
thought that the underlying empirical Pareto-efficient function should be 
' isotone' (which means 'order-preserving'). By definition a (vector) function 
f ( x ) is isotone if xa£xh implies (f(xa)<>f(xh).12 What in fact can be the 
case? We show here that in the single-output situation the empirical Pareto-effi-
cient function is always isotone. The multiple-output situation, however, may 
only satisfy a weaker function property which we shall call 'c-d-isotone' or 
'cone-directiona!-isotone\ i.e., there is a cone of directions in output space on 
which the outputs projection is isotone. 

Consider first the 'facets' of an empirical Pareto-efficient function for our 
reference set. These consist of convex combinations of the Pareto-efficient 
sample input -output points with respect to this reference set. 

Theorem 3. Every facet of the empirical Pareto-efficient function relation con-
sists of Pareto-efficient input-output points. 

Proof. Each facet corresponds to a basic optimal solution to the following 
linear program (Charnes-Cooper test) for some sample input-output point 

lx*Ty — p*\x ~ <p* — 0, (6.3) 

F{ a*, >') = /x*Ty - *>*Tjt — <p* = 0. (6.4) 

12 The mathematical term * isotone* is synonymous with the expression 4 monotonically increas-
ing\ 
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min , 
A , s +. s ~ 

subject to 

> 0 , 

s i d e - r ^ r w r l i s t m v convex combination of t h e basic 

i - * 
Pareto-efficient. • 

Now we prove: 

Theorem 4. If a Pareto-efficient empirical production function has only a single 

output, then it is an isotone function. 

S u p p o s e d * ~ 

f{xa)^yh=f(xh). Thus x " £ x h implies J(x ) < / U ) 
cient points, i.e., the isotone property. • 

three sample points a,b,c: 

l 
5 
5 

2 
2 

7 

3 
1 
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Input-output points a and b are Pareto-efficient, c is not. We do not have 
isotonicity since xa < xh, but fi(xa) = y? >fl(xh) = vf. 

If now we 'project' the outputs of a and b along the direction given by wx 

and w2 for yx and y2 we obtain the single output 5 ^ + 5 n s for a and 
2wx + lw2 for b. Requiring 

l w 2 + 2u ,
l ^ 5vv2 + 5w\ 

/ 

implies w 2> as the cone of directions (w^vts) which yields an isotonic 
relation. 

In general when xc>xd, if y{>y? for where R*UR = 
{1,2, then the cone of isotonic directions (h», wx) is specified by 

E (}>; - } • ; ' ) > E (6.5) 

Homogeneous production functions play an important role in the economics 
literature. Thereby, whether or not a function for which f(px) = p"f(x), with 
p ^ 0, had economies of scale would be decided by the value of the exponent 
a. More generally, increasing or decreasing 'returns to scale' would be present 
respectively, at x if f(px) > pf(x) or f(px) < p f ( x ) for p > 1 at points px in a 
small neighborhood of x. Banker, Charnes and Cooper (1984) give a criterion 
for deciding this (with production possibility set £ h : \ J & U or i ^ U ^ ) , but 
does not give us the rates of change. 

Because of our preceding theorems, however, we know that empirical 
Pareto-eflicient functions are c-d-isotonic on facets and concave in each 
component function regardless of the nature of the underlying production 
possibility set. Thereby, we automatically anticipate lower and lower returns to 
scale in going from facet to facet with increasing eTA\ And our partial 
derivatives can give us explicitly the rates of change in each observed facet. 

Practically, our choices of inputs are generally made with the expectation 
that the underlying Pareto-optimal function is isotonic, i.e., we choose the form 
of the inputs so that an increase in an input should not decrease the outputs. 
But even here we need still more to determine the non-concave portions of an 
isotonic function. For example, in fig. 2 an isotonic function is plotted together 
with the resulting concave cap (large dashed lines) obtained as the empirical 
function. 

As suggested in our original paper,13 non-concavity can be explored by 
applying (output) component by component strictly concave transformations 
g, to obtain g«(.y#) instead of yi so that g«(>v(.x)) would be concave and out 
plot might look like fig. 3. 

l 3 t An Empirical DEA Production Function* by Charnes, Cooper and Seiford, April 1981, CCS 
396, Center for Cybernetic Studies, The University of Texas, Austin, TX. 
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Fig. 3 

y\ rn min, y,j)- whether one eels spurious empirical frontier 
Problems d o arise, of course, o n whether o n e g P , b e i n e f f i . 

s x z x s r z z s r ^ t t " — — 

to scale if they are truly on the frontier. 

6.3. Discretionary and non-discretionary inputs 
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change by the decision-makers of decision-making units. These are called 
4 non-discretionary* inputs.14 They are important in influencing the outputs and 
in furnishing the reference background in terms of which units' efficiency is 
rated. Not infrequently the facet associated with an inefficient unit has the 
same values for the non-discretionary inputs, in which case there is no problem 
with the rating assigned. If not, however, to obtain more meaningful ratings we 
can add constraints on \ to those in (4.5) which require the non-discretionary 
inputs to be the same as that of the unit being evaluated. Thereby, a more 
meaningful rating will be attained. 

7. Conclusions 

We have shown how direct application of the Charnes-Cooper test for 
Pareto-optimality leads to a simpler and more robust method, efficiency pH, 
encompassing all previous ones for ascertaining 'efficiency*. Further, Pareto-
efficiency characterizations and constructions of empirical production func-
tions restrict us methodologically to exploration of such functions by means of 
concave caps. Economies of scale from these thereby expectedly decrease with 
increase in the magnitude of the input vectors. Use of transformations of 
outputs, as we suggest, can uncover non-concave regions of the underlying 
production function where substantial economies of scale may prevail. Our 
new informatics device and theory of the use of the facet average (or bary-
center) also constructively furnishes quantitative estimates of the rates of 
change of outputs with respect to inputs which have not been available 
previously. These new devices, as with other usages of empirical functions, 
suggest important new areas for development of statistical theory to dis-
tinguish between true properties and sampling 'accidents*. The vital impor-
tance of further development of the informatics of solution of systems of 
adaptively developed linear programming problems for Pareto-efficient con-
structions should also be clear. 
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In management contexts, mathematical programming^is usually used to evaluate a collec-
tion of possible alternative courses of action en route to selecting one which is best. In this 
capacity, mathematical programming serves as a planning aid to management. Data Envelop-
ment Analysis reverses this role and employs mathematical programming to obtain ex post 
facto evaluations of the relative efficiency of management accomplishments, however they 
may have been planned or executed. Mathematical programming is thereby extended for use 
as a tool for control and evaluation of past accomplishments as well as a tool to aid in planning 
future activities. The CCR ratio form introduced by Charncs, Cooper and Rhodes, as part of 
their Data Envelopment Analysis approach, comprehends both technical and scale inefficien-
cies via the optimal value of the ratio form, as obtained directly from the data without 
requiring a priori specification of weights and/or explicit delineation of assumed functional 
forms of relations between inputs and outputs. A separation into technical and scale efficien-
cies is accomplished by the methods developed in this paper without altering the latter 
conditions for use of DEA directly on observational data. Technical inefficiencies are 
identified with failures to achieve best possible output levels and/or usage of excessive 
amounts of inputs. Methods for identifying and correcting the magnitudes of these inefficien-
cies, as supplied in prior work, are illustrated. In the present paper, a new separate variable is 
introduced which makes it possible to determine whether operations were conducted in regions 
of increasing, constant or decreasing returns to scale (in multiple input and multiple output 
situations). The results are discussed and related not only to classical (single output) econom-
ics but also to more modern versions of economics which are identified with "contestable 
market theories." 
(EFFICIENCY; TECHNICAL INEFFICIENCY; RETURNS TO SCALE; MATHEMATI-
CAL PROGRAMMING; LINEAR PROGRAMMING) 

1. Background 

Charnes, Cooper and Rhodes (CCR) (1978a, 1979) introduced a ratio definition of 
efficiency, also called the CCR ratio definition, which generalizes the single-output to 
single-input classical engineering-science ratio definition to multiple outputs and 
inputs without requiring preassigned weights. This is done via the extremal principle 
incorporated in the following model: 

max «= ^ " f * subject to 1 > , j - l , . . . , n , with (1) 

ur,ty > 0,1 /-> 1, . • . m; r * 1, . . . j . 

Here t h e ^ x ^ > 0 represent output and input data for decision making unit (DMU) j 

* Accepted by Arie Y. Lewin; received December 11, 1981. This paper has been with the authors 
months for 2 revisions. 

'See Charnes, Cooper, Lewin, Morey, and Rousseau for an exact non-Archimedean expression of this 
"positivity" with necessary algebraic closure. 
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with the ranges for /, r and j indicated in (1). The data may be in the form of 
theoretically prescribed values or they may be in the form of observations. The unit to 
be rated is included in the functional with an index 0 as well as in the constraints, with 
the latter ensuring that an optimal = max/i0 will always satisfy 0 < < 1 with 
optimal solution values w*, vf > 0. 

The main uses of these ideas have been in evaluations of "management" and 
"program" efficiencies2 of decision making units (DMUs) of a not-for-profit variety 
such as schools,3 hospitals,4 etc. The ability to deal directly with multiple outputs and 
inputs forms one part of the appeal offered by these models and methods for uses such 
as these. Another part of its appeal comes from the development in Charnes, Cooper 
and Rhodes (1978a) which showed how the theory of fractional programming, as 
provided in Charnes and Cooper (1962), could be used to obtain access to a linear 
programming equivalent. This, in turn, yields an implementable form for securing 
solutions to (1) and it also yields a variety of duality relations for interpreting and 
utilizing the resulting > 0. 

Strong (and sharp) theoretical underpinnings as in physics and engineering are not 
available in applications such as we are considering. These must be replaced by weaker 
support—such as can be obtained from other disciplines like economics. It is, in fact, 
one purpose of the present paper to sharpen some of the latter contacts, but even after 
this has been accomplished, one must generally be satisfied with weaker results. For 
instance/one must be satisfied with a measure of only relative efficiency based on the 
available observations without recourse to what a stronger theory might provide. 

We now try to clarify what has already been covered by reference to the illustration 
in Figure 1, Here we have portrayed the situation to be considered in terms of a single 
output, in amounts, yf and a single input, in amounts x. Three decision making units 
are to be rated for managerial efficiency. The production function represents the 
maximum output that can be produced for any specified input. The DMUs associated 
with P2 and Px both achieve the maximum possible outputs for their input levels, while 
the DMU associated with P3 falls short of the output level which is attainable from its 
x3 input value. 

To evaluate the efficiency of P , , we utilize (1), which, for this one output-one input 

2 See Charnes, Cooper and Rhodes (1981), for further discussion of differences in "management" and 
"program" efficiency. 

3 See Bessent, Bessent, Kennington and Reagan (1982). 
4See D. Sherman (1982) which also contains an interesting comparison that highlights deficiencies of 

statistical regressions (including translog and Cobb-Douglas regressions) and econometric estimation and 
similar approaches that have been addressed to these multiple output situations in the past. 
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case, becomes: 
wy, 

max/j0 = subject to 

^ (2) 
1 > uyx/vxx, 1 > uy2/vx2, 1 > uy3/vx3, u,v> 0, 

where X, , y, represent the input and output coordinates of the DMU associated with 
/>, / = 1,2,3. The ray from the origin tangential to the production function at P]Y lies 
above the ray through P2 and P3. This means that the DMU associated with P{ is 
efficient and the other two are not. In fact, we have 

u*yl/v*x[=\ with also (3.1) 

u*y2/v*x2 = u*y3/v*x3 < 1. (3.2) 

This result is readily verified for this very simple case in which we evidently have 

y 1A1 >yilxi=yJxy (3-3) 

See Figure 1. Thus for all w*, v* > 0 we also have the equality portrayed in (3.2) and 
the other conditions in (3.1) and (3.2) are necessary if w*, v* are optimizing solutions 
to (2). 

This results in a characterization of the DM Us associated with P2 and P3 as being 
"equally inefficient" relative to the DMU associated with P , . This characterization 
may be satisfactory in some cases. In other cases we may want to "fine tune" the 
developments in Charnes, Cooper and Rhodes (1978a) so that we can locate differ-
ences such as are portrayed in the P2 and P3 situations. Normally, of course, we will 
not have knowledge of the production functions but we can at least make a start 
toward this "fine tuning" to the extent that observational data may allow.5 It is toward 
this end that we shall direct our proposed contacts with economics even while 
recognizing that the concepts and definitions of theoretical economics as formulated 
for applications to private sector market behavior may not always be best suited for 
management science (and related) applications in the not-for-profit sectors. 

2. Production Technologies and Efficiency Envelopes 

The economic theory of production forms a natural point of contact with economics 
and we elect to take this route via the concepts of R. W. Shephard. To be sure, 
Shephard's work (1953, 1970) is primarily directed toward developing formal relations 
between cost functions and a corresponding production technology on the assumption 
that a theoretically known efficiency has already been attained.6 The production 
technology considered, however, encompasses the situation of multiple outputs in an 
unambiguous manner whereas other parts of (classical) production theory in econom-
ics are restricted to the single output situation—which is evidently of little or no 
interest in not-for-profit sector applications.7 In addition, Shephard has introduced the 
concept of a "distance function"8 which can be related to the important pioneering 

5 See Allen (1939) and Ferguson (1969) for treatments involving assumed knowledge of the production 
technologies. See also the survey by Kopp (1981). 

6Note that economics concepts such as returns to scale, etc., have no unambiguous meaning until the 
efficiency frontier is attained. Thus, by virtue of this comment alone, most of the statistical-econometric 
studies on this topic are put in serious question. Other troubles may also be present as discussed in Charnes, 
Cooper and Schinnar (1982). 

7Shortcomings of the classical single output theory even for purposes of economic theory are explained in 
Panzar and Willig (1977). Sec also Bailey and Friedlander (1982). 

8 Actually the distance function employed by Shephard is more properly regarded as a gauge function in 
the sense of Fenchel (1953). 
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work of M. J. Farrell9 in measuring efficiency directly from observational data, at least 
in the single output case. In this way, as shown in Banker (1980b), Shephard's distance 
function10 can be used to extend these ideas to more general situations, including those 
of a multiple output variety. 

It should perhaps be explicitly observed that the CCR formulations in Charnes, 
Cooper and Rhodes (1981, 1978a) differ in important ways from the usual concepts of 
a production function at either the individual firm or aggregate level in both empirical 
and theoretical economics. In fact CCR refer to their function as an "envelope" 
developed relative to observational data from all of they = 1, . . . , « D M U S , with the 
envelope forming an efficiency frontier relative to each firm ( = DMU) that is to be 
evaluated. It is to be borne in mind, however, that it is not always appropriate to 
regard this envelope as a production function in t h i usual (classical) senses for some of 
the uses to which the CCR formulations may be put. 

The developments we shall use here will be via the kinds of axiomatic formulations 
which have become common in this part of economics as a result of Shephard's work 
(1953, 1970). We shall try to do this, however, in a way that maintains contact with the 
kind of analytic formulations that are required for implementing these ideas in 
efficiency evaluations to be obtained directly from observational data. 

3. Axioms 

Our approach will be via optimizations conducted with respect to already generated 
observations.11 For this situation we shall construct a simple model with input-output 
configurations observed for each of j = 1, . . . , n DMUs as {Xjy Yj), where Xj «( jc , / f 

. . . , a . . . , xmj) is a vector of observed inputs and Yj « . . . , vry , 

. . ., ysj) is a vector of observed outputs for DMU y. It is assumed that at least one 
output and at least one input are positive. Every DMU j used for efficiency compari-
sons is assumed to have used the same inputs and produced the same outputs, 
although, in general, in varying amounts. Our objective is to characterize a production 
possibility set and, in particular, to determine an "efficient" subset based on these 
observed data. 

We shall represent the production possibility set as 
{(X,Y)\Y > 0 can be produced from X > 0 } . (4) 

Following Shephard (1970, p. 179) we then define the input possibility set L(Y\ for 
each y, as 

L ( Y ) - ( X \ ( X , Y ) e T ) (5) 

and the output possibility set P(X)$ for each X, as 
P(X)~{X\(XiY)ZET). (6) 

We next postulate the following properties for the production possibility set, T: 
Postulate 1. Convexity. If (XJ9 Yj) G T, j - 1, . . . , n, and A1 > 0 are nonnegative 

scalars such that {\j - 1, then (¿^,XjX' ,Ay Yj) G T. _ 
Postulate 2. Inefficiency Postulate. (a)Jf (X, Y) G T and X > X, then (X,Y)E T. 
(b) If ( X , Y) e T and Y < Yf then (X, Y) E T. 
Postulate 3. Ray Unboundedness. If ( * , Y) G T then (kX,kY) G T fo^any k>Q. 
Postulate 4. Minimum Extrapolation. T is the intersection set of all f satisfying 

Postulates 1, 2 and 3, and subject to the condition that each of the observed vectors 

9See Farrell (1957) and Farrell and Fieldhouse (1962). 
,0Shepard's distance function is also in need of fine tuning, as we shall see below, if it is to be used for 

efficiency characterizations. See also the discussion in Fare and Lovell (1978). 
MIn this respect, we follow Farrell (1957). 
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Thus, T is the "smallest" set consistent with the observed data and the postulated 
properties for the production possibility set. Because T is based on convexification and 
ray extension, it is a polyhedral set. 

Next we seek to characterize any ( X , Y) E T. Postulates 1 and 3 imply that every 
(A\ Y) of the form (kXj^XjXj.k^j^XjYj) with k > 0, \ } > 0 and — t is in T. 
Furthermore, employing Postulates 2 and 4, we can deduce that 

( A \ K ) E T if and only if A' > ,XyA}, and Y < k^lj„xXjXjy 

for some k > 0 and some X,., / = 1, . . . , n ^ j j s 
satisfying the conditions Xf > 0 and = I- (7) 

In the economics literature, Postulate 2 is sometimes referred to as "Free Disposabil-
ity," a term which appears to have originated with Koopmans (1951). This may be a 
natural terminology for a discipline which has the analysis of market prices as a 
central concern. However, it risks a confounding of "market (allocative) efficiency" 
with the more basic condition of "technical efficiency" which is one of our central 
concerns.12 Hence we prefer to use a term like "Efficiency Postulate" which we have 
converted to "Inefficiency Postulate" to indicate that inefficient production is always 
possible in the form of more inputs, smaller outputs, or both. In a similar way we 
prefer the more neutral term "ray unboundedncss" to other alternatives such as 
"constant returns to scale." In this way we call attention to the fact that our usage of 
the latter is for individual characterizations and also to allow for other possibilities 
such as the presence of capacity limitations on inputs, especially when inefficiency 
possibilities are to be evaluated. 

4. Shcphard's Distance Function and Efficiency Measures 

Having thus specified the production possibility set T, we next turn to the estimation 
of Shephard's distance function from these same observational data in order to relate 
it to the CCR efficiency measure. Shephard (1970, p. 206) defines a "distance 
function" g(X, Y) of an input set L(Y) as g(X\ Y) = 1 /h(X, Y) where h(X,Y) 
— min{/i: hX E L(K), h > 0}. 

Employing the characterization of any (A\ Y) E T as in (4), we can express H(X, Y) 
as: 

n n 
h(X,Y)~ min h subject to hX > k ^ X X , Y < k 2 K Y,, (8) 

J-> j-' 
n 

1 - S xj • h >0 and k > 
y - l 

We next substitute ^ «= kXj in (8) above. Thus, we have 
n n 

min h subject to hX - Jg 0, 2 (9) 
jm I Jm | 

Hj> 0, j - 1,2,.. ., n. 
This is a linear programming problem, for which a dual can be written as 

m a x UTY subject to VTX - lt UTYJ - VTXJ < 0, y ' - l , . . . , n9 (10) 

U > 0, V > 0, 
where UT = (w,, . . . un . . ., u5) and VT == (D,, . . . vh . . . , v j . 

This is equivalent to the fractional programming problem with fractional con-

,2The difference between these two types of efficiency are discussed in detail in Farrell (1957). 
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straints: 
jjTy UtY, 

m a x h = -^-L subject to —r1 < 1 , / = 1, . . . /i, U,V > 0. (11) 
V X VTXj v 

This could describe the CCR efficiency measure, except that each ur and vt in U and V 
is only required to be nonnegative rather than strictly positive. See (1). 

The positivity requirement would be obtained, however, if we followed the non-
Archimedean formulation and development in Charnes, Cooper and Rhodes (1979),13 

as we shall do below. Hence we shall say that we have established an equivalence 
between the CCR measure and the reciprocal of Shephard's distance function for 
input sets L{ Y\ under the assumption that the production possibility set T satisfies the 
four postulates stated above. 

Fine tuning is also required for Shephard's distance function, as already noted, if it 
is to be used for D M U efficiency measurement. Note, in particular, that the set Ls( Y) 
defined by 

merely describes the boundary for inputs X = ( x „ . . . , xm) that can be used to 
produce a given combination of outputs Y = (yx, . . . ,ys). That is, following Shephard 
(1970, pp. 15-19) we allow for subsets of LS(Y) which we shall designate as 

LE(Y)- Y) = 1 with X < X=*X& L(Y) unless X~ X }. (13) 

This enables us to distinguish between points which are in the efficient subset 
X{ = (A,, . . . , xi% . . . , xm) E LE{ Y) C Ls( Y) and points which may be only on the 
boundary as in X2 - ( x , , . . . , xt , + d f . . . , xm) E Ls( Y) with d > 0. 

The situation which enables us to distinguish between solutions like X2 and X{ in 
our linear programming formulation is the achievement of an optimum value of 
h* - 1, but with positive slack in the ith input. In the situation for X2, efficiency is not 
achieved despite an h* * 1 since this inefficient consumption for input / may be 
reduced to the level Xf without affecting any other input or output. 

We may clarify what is involved by introducing ideas from Charnes, Cooper and 
Rhodes (1978a). In particular, we replace (10) with the following problem: 

s m 
maxz 0 « 2 subject to 2 

, m ' - 1 (M) 
S u

r y r r 2 vixu <0> y « 1, . . . , w, a n d ur > c, V, > c V r , /, 
r « l / - I 

where c > 0 is a small "non-Archimedean" quantity. 
The dual to this problem is 

* m s 
min h>q — € 2 sf 4- 2 K subject to 

L / - i r - i 
n 

0 885 Wo*/o - S si> / = 1, . . . , m, (15) 

n 

y * * * 2 y r f o - K> r — 1 V/,y,r . 
y - i 

Evidently we can then have zg » » 1 if and only if the slack variables s, and s'r are 
all zero at an optimum. 

REMARK. Fare and Lovell (1978) discuss the relationship between FarrelPs efficiency measure and 
Shephard's distance measure. The results are ambiguous, however, because they begin by defining Shep-

13See also Charnes, Cooper, Lewin, Morey and Rousseau for a further refinement which relates the slacks 
of the ratio problem to the slacks of the linear programming problem. 
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hard's distance measure to be the Farrell efficiency measure in a way that attributes properties of the 
Shephard distance measure to the Farrell measure as well, and an error in their "proof" (p. 154) leads them 
to conclude that the reciprocal of Shephard's output distance function (rather than the distance function 
itself) corresponds to Farrell's efficiency measure. They also fail to credit Farrell with the use of points at 
infinity, which avoids the problems they address. The above, following Charnes, Cooper and Rhodes 
(1978a), replaces this with a simple formulation in which the non-Archimedean elements provide what is 
required in the constraints of one problem and in the functional of the corresponding dual. 

To complete the cycle of connections between CCR efficiency and Shephard's 
distance function, with the related non-Archimedean extensions, we next turn to the 
output sets P(X) as defined in (6). For this set, Shephard (1970, p. 207) defines a 
distance function ^ 

h'(X,Y)=l/g'(X,Y) w h e r e g\X,Y) - m a x { g'\g'Y E P(X)y g' > 0}. (16) 

By following an analysis similar to the one we have used for the distance function for 
input sets, it is easy to establish a similar relation between Shephard's distance 
function and the CCR measure (before adjustment for slacks) when T satisfies 
Postulates 1 to 4. 

5. Reduction of Postulates 

In order to extend what we have already achieved to the task of tracing the efficient 
production surface, we now delete Postulate 3 from our requirements. This "Ray 
Unboundedness" postulate enabled us to extrapolate the performance of the most 
efficient DM Us with efficient scale sizes (for their given input and output mixes) and 
identify any scale inefficiencies that may be reflected in the level of operations of other 
DM Us. By deleting this postulate we now restrict our attention strictly to production 
inefficiencies at the given level of operations for each DMU, and thus develop an 
efficiency measurement procedure that assigns an efficiency rating of one to a DMU if 
and only if the DMU lies on the efficient production surface, even when it may not be 
operating at the most efficient scale size. This identification of the efficient production 
surface will also allow us to determine whether increasing, constant or decreasing 
returns to scale14 prevail in different segments of the production surface. To reduce 
possible confusion with the concept of economies of scale, we shall avoid any recourse 
to cost functions15 and related price imputation requirements and deal directly with 
the inputs and outputs as they may be observed in vectors Xp Y-f for they'th DMU. 

Assuming now that the possibility set T satisfies only Postulates 1, 2, and 4, we 
proceed as before to characterize T as the "smallest" set satisfying the "convexity" and 
the "inefficiency" postulates, subject to the condition that each of the observed vectors 
(Ap Yj) E T. Therefore, proceeding as in the previous section, we can deduce that a 
vector (A", Y) is in the set T if and only if 

X>j?\JXJ, Y<%\JYJ> (17) 
7 - > y - i 

for some \j > Q,j = 1,. . . , rt, satisfying the condition that SJ-i^y " 1-
We next determine Shephard's distance function for input sets L ( y ) when the 

production possibility set T is specified as above. Thus we have 
g(X, Y) - 1 /h(X9 Y), where h(Xt Y) - min{ A | hX G L( Y), h > 0} (18) 

which we translate as 

minh « h(XQ,Y0) subject to ^ 

2 x j y J > Yo> 2 V " i . A y > o , 7 = 1 , . . . , / ! , 

14 We are here referring to returns to scale in the restricted sense of theoretical economics. See §6 below. 
15 See, e.g., Farrell and Fieldhouse (1962) for further discussion. 
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relying on the fact that h > 0 will be satisfied when the components of every X and Y 
are all nonnegative—as is the case for the observational data we are considering. J 

This is a linear programming problem, the dual of which can be written as: 
m 

max 2 w0 subject to £ «Wr/- 2 »/*//- wo < 0, / — I 
r - 1 /— 1 

(20) 

2 «>/**> Ur > V, > 0, 
i - l 

and u0 is unconstrained in sign. 
This linear programming problem is equivalent to a fractional programming prob-

lem,16 which we express as follows 

nlax s r - . t M o s u b j e c t t o ^ ( 2 1 ) 

with, again, u0 unconstrained in sign. 
Similarly, Shephard's distance function for output sets P(X) can be expressed as: 

max//'(A', Y) - subject to 
t 2ji-\vixio + v0 

i (2 2> 
7 = 1 

and v0 is unconstrained in sign. 
Of course, in general, these two distance functions will not be identical. Further-

more, we observe (as in the preceding section) that the set Ls(Y) - {X\h(X> Y) - 1}, 
where h(X, Y) is the reciprocal of Shephard's input distance function, describes only a 
(boundary) isoquant. Thjs isoquant may not coincide with the efficient subset LA Y) 
~{XE L(Y)\X< X, X E L(Y)=>X~ X), 

Following the analysis in the previous section, we introduce the infinitesimal 
non-Archimedean quantity17 c > 0 to replace (20) with 

i m 
max 2 u,y,o~ u0 subject to 2 1. (20A) 

r - 1 / » | v ' 
m 

- 2 »/*(/ + 2 uryrj- "o < 0, Jm 1 n, ur,Vi > f Vr,/, 
/•• 1 r - 1 

and M0 is unconstrained in sign. 
In a similar vein, the dual problem in (19) may be rewritten as 

min/i subject to 

n 

(19A) 

hxm ~ S xoXj~ "0. / - 1, . . . m, 
7 - 1 

n 
2 / r / y - - , r - 1, . . . J, 

n 

1 6Wc omit the transformation of variables implicit in this, as given explicitly in Charnes, Cooper and 
Rhodes (1978a), and, by abuse of notation, employ the same letters for the variables in both problems 

" A s introduced in Charnes, Cooper and Rhodes (1978a, 1979). 
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6. Returns to Scale Characterizations 

We now continue to extend our contacts with theoretical economics by turning to 
the problem of returns to scale (increasing, decreasing, or constant) as found in that 
literature. Once again, however, we emphasize that we are proceeding directly from 
observational data in our fine tuning of the CCR developments found in Charnes, 
Cooper and Rhodes (1978a). Mix and scale variations are likely to occur together in 
such observational data and so safeguards are required, as in our minimum extrapola-
tion postulate, insofar as we cannot effect a separation of scale variations as in the 
formal theory of economics.18 We shall examine returns to scale locally at a point, say 
(XEl Ye), on the efficient production surface, and relate it to the sign of the intercept 
term uQ in the fractional programming problem (21) for this purpose. 

We begin by asserting that the hyperplane given by 
s m 

2 < > v - 2 > * * / - ( 2 3 ) 
r 1 /-I 

where the yr>Xj are now variables, is a supporting hyperplane for the production 
possibility set T. Here w*,t)*, and are values of wr, t>,, and m0 that maximize the 
objective function in the fractional programming problem in (21). 

We can confirm the support property of this hyperplane as follows. From the 
constraints to the problem in (21) we obtain 

s m 

2 "?y r r 2 U S < 0 f o r ( 2 4 ) 
r - 1 # - 1 

Therefore, for any \ j > 0,y « 1, . . . w, with - 1> we have 
s n m n 

2 2 M - 2 ^ 2 V y - "0* < 0 . (25) 
r - l j - \ 1 - 1 y - 1 

Further, by virtue of the result in (17), we can express any point (A\ Y) E T as 

i S V O . S M i w h e r e 2 \ = = 1 » \ > 0 , all j. 

i . y - i I y - i 

Therefore, we have s m (x, Y) e r=* 2 2 «? < o. (26) 
r - 1 / - I 

Also, since (XE> YE) is efficient we have 

1 or U*tYe - V*tXe - ug - 0. (27) U*TYE UO _ , _ TT+TV _ R/*RV 

V r X B 

Thus (26) and (27) together imply that U*TY - V*TX - u$ = 0 is a supporting 
hyperplane for T at the point (XE9 YE). 

Evidently this hyperplane is unique if and only if the optimal solution i/*, V*, ug to 
the equivalent linear programming problem is unique and this is the case we shall 
examine first. By virtue of (26) we have U*rY - V*TX - u$ < 0 for all ( X , Y) E T. 
Hence in the unique supporting hyperplane situation which we are examining, a point 
(XD> YD) i n t h e neighborhood of (XEf YE) will lie in the production possibility set if 
and only if U*TYD - V*TXD - u$ < 0. 

, 8See the discussion in Gold (1981) concerning the impracticality of effecting such separations from 
observational data so that characteristically the problem is usually approached from the cost function side. 
This, however, introduces problems with prices and allocative efficiencies. 
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To ascertain whether increasing, constant or decreasing returns to scale are present 
at (XEI YE) we let Z5 = [(1 + 5 ) ^ , ( 1 + S )y £ ] be a point in the neighborhood of 
(XEI YE) by choosing 8 to be suitably small. Then we can say that 

(28a) Increasing returns to scale are present if and only if there exists a 8* > 0 such 
that (1) ZS G T for 8* > 8 > 0 and (2) ZS $ T for - 8* < 8 < 0. 

(28b) Constant returns to scale are present if and only if there exists 8* > 0 such that 
(1) ZSGT for all 8 such that |S| < 5*, or (2) ZS £ T for all 8 such that 0 < |5| < S*. 

(28c) Decreasing returns to scale are present if and only if there exists 8* > 0 such 
that (1) Z8 $ T for 5* > 8 > 0 and (2) Z f i G T for - 8* < 8 < 0. 

Now, 
U*T( 1 + 8)YE - V*T(\ + 8)XE - (1 + 8)U0 

- (1 + «)(£/*% - V*TXe - US) + 8u$ = 8U0 

since we have U*RYE - V*RXE - w* - 0. Therefore , Z8 = ((1 + FI)*£F(1 + 8)YE) e T 
if and only if 8u0 < 0 since we are restricting our attention to the case of unique 
supporting hyperplanes at E for the polyhedral set T. Employing (28a), (28b) and 
(28c), it follows immediately that in the case when a unique supporting hyperplane 
passes through an efficient point (XE , K£), we have 

(29a) Increasing returns to scale <=>w£ < 0, 
(29b) Constant returns to scale <=» = 0, 
(29c) Decreasing returns to scale <=> > 0. 

In other words, whether increasing, constant or decreasing returns to scale are present 
at (XE% YE) depends on whether is less than, equal to, or greater than zero in (20) 
and (21). 

Figure 2 provides a generic picture of the situation in which scale changes are to be 
explored in the neighborhood of E. In the situation portrayed in Figure 2 we have 

> 0 for the intercept value associated with the tangent line at £ . The same situation 
would obtain for the succeeding piecewise segment on the efficient production possibil-
ity frontier. For the preceding segment where A appears, however, we would have 
u$<0 so that increasing returns would then be present. And, of course, for the 

Output y * < />: / / -
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/ / 

• 
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/ 

FIGURE 2 
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situation with = 0 we would have constant returns if any such segment were 
present. 

Up to this point we have been considering situations such as the one depicted 
generically at A and E in Figure 2 where the coefficients of the supporting hyperplane 
are determined by the components of the outward pointing normals at these points. At 
points of intersection such as shown for the two broken lines, these expressions are no 
longer unique. The components of the two normals at A and E provide alternate 
expressions, as do their convex combinations, from which additional supports may be 
designated that correspond to positions of rotation Jor these supporting hyperplanes at 
this point. 

The above analysis considered efficiency measures based on input possibility sets as 
in (21). If we consider the alternative efficiency measures based on the output 
possibility sets, as in (22), then by pursuing a similar line of analysis we can relate the 
returns to scale at any point on the efficient production surface to the sign of the 
intercept term v$ for the supporting hyperplanes. In either case, in addition to 
providing a measure for the efficiency of individual observations and a means for 
tracing the efficient production surface, our mathematical programming formulation 
therefore also enables us to ascertain whether increasing, constant or decreasing 
returns to scale are present at specific points on the efficient production surface. 

7. Concluding Interpretations 

In this paper we have provided models for estimating technical and scale efficiencies 
of decision making units with reference to the efficient production frontier. The linear 
programming problems in (14) and (15) are employed to estimate the overall technical 
and scale efficiencies of a DMU. The linear programming formulations in (19A) and 
(20A) take into account the possibility that the average productivity at the most 
productive scale size may not be attainable for other scale sizes at which a particular 
DMU may be operating. These formulations estimate the pure technical efficiency of a 
DMU at the given scale of operation. The estimation of most productive scale size in 
DEA is discussed in Banker (1984). 

Figure 3 illustrates these concepts of technical and scale efficiencies. The point A 
represents the DMU being evaluated. Its overall technical and scale efficiency is 
measured by the ratio MN/MA, by comparing the point A to the point N which 
reflects the average productivity attainable at the most productive scale size repre-
sented by the point E. The pure (input) technical efficiency of A is measured by the 
ratio MB/MA by comparing it with the point B on the efficient production frontier 
with the same scale size as A. Finally, the (input) scale efficiency of A is measured by 
the ratio MN/MB, so that the overall technical and scale efficiency MN/ MA is equal 
to the product of the technical efficiency MB/MA and the scale efficiency MN/ MB, 

It is apparent from Figure 3 that the aggregate technical and scale efficiency 
measure MN/MA is less than the pure (input) technical efficiency measure MB/MA. 
This relationship between the two efficiency measures holds also for the general case 
of multiple inputs and outputs. 

PROPOSITION. The aggregate technical and scale efficiency measure as in ( 1 5 ) is less 
than or equal to the pure (input) technical efficiency measure as in (19A), with equality 
holding if and only if there exists an optimal solution to (15) such that the sum of the 
optimal values of the weights \ f , j « 1, . . . n, adds up to one. The proof follows 
immediately by comparing the constraint sets for the two formulations in (15) and (19A). 

These developments suggest that a scale efficiency measure can be defined as the 
ratio of the aggregate efficiency measure from (15) to the technical efficiency measure 
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'See, e.g., Ferguson (1969). 
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with S > 1 if and only if increasing returns to scale20 are present at (x, y). Here 
<j>(X, Y) > 0 is a known transformation function which is assumed to be differentiable 
at every point ( X , Y) satisfying <f>(A\ Y) = 0 where X and Y represent input and output 
vectors, respectively. Since attention is restricted to one firm at a time in Panzar and 
Willig (1977), no additional identifying subscript is needed. Finally, it is assumed that 
each such firm conducts all of its operations on the efficiency frontier.21 How this is all 
to be implemented, tested or validated is not discussed in Panzar and Willig. 

In our (DEA) approach we do not require knowledge of the transformation function 
and we also do not assume that each firm will attain the efficiency frontier. Instead, we 
employ the adjustment procedures described in Charnes, Cooper and Rhodes (1978a) 
in order to obtain new values x i r y r j which are all on the (relative) efficiency frontier 
for each of they = 1, . . . , // "firms" ( = DMUs) represented in the observations. With 
these thus adjusted input and output values we will then have 

_ Sr-I U?}'rj - U0j 
2 7 - , ^ ( ' 

where we have indexed i/*, as from, e.g., repeated applications of (21), to provide the 
relevant identification for each of these /' = 1, . . . , // firms. 

This can be transformed straightforwardly into 
>* V I/* l l7 "<)/ = = S 

V v / /* r V v / / * r V ' 2jr^\Ur}rJ 2j r - 111 r ) rj 

with S > 1 if and only if ufij < 0, i.e., if and only if increasing returns to scale are 
present, and S < 1 otherwise. This then is our analogue for the result obtained by 
Panzar and Willig. 

Note that we have not required their assumptions of differentiability and knowledge 
of the transformation function. Of course, if such knowledge is available then the 
measure of efficiency and adjustment to the frontier defined by that function can be 
effected in a straightforward manner.22 In other cases, however, the DEA approach 
permits both efficiency measurement and adjustment to the relative frontier in a 
readily implemented manner.23 

As Panzar and Willig note, their results apply only locally, and the same is true for 
S. Here again, however, an extension has been effected and given operational form. 
Thus whereas the results in Panzar and Willig (1977) apply only at the point (X, ) ), 
our results apply over the entire facet formed from the set of basis vectors used to 
evaluate DMUy .24 

Reference to (32) also provides insight into paths of possible further extension in 
these DEA approaches. Comparing the terms on the far left and far right, it becomes 
clear that our separation into scale and technical efficiency is obtained by relaxing the 
"unity-or-less" condition on the original CCR ratio formulation as given in (1) on p. 
1078, above. 

2 0 Another approach to returns to scale which is suited to DEA and does not rely on the Panzar and Willig 
assumptions may be found in Banker (1984). 

21 It is assumed that the transformation function is also optimal since otherwise this firm may have its 
markets contested by new entrants. This all forms part of what is called "contestable market theory." As 
summarized in Baumol (1982), this theory retains the behavioral (optimizing) assumptions of the classical 
theory of competitive markets but (a) omits the requirement of having a large number of small firms and 
(b) switches the focus from single output to multiple output production. 

2 2See the discussion in Charnes and Cooper (1980). 
2 3 A code for doing this and other parts of DEA which has been developed by I. Ali and J. Stutz is 

available from the Center for Cybernetic Studies, BEB200E, The University of Texas at Austin, Texas 
78712. 

2 4The computer code described in the preceding footnote identifies the facet and the basis from which it is 
formed. 
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e c o n o m i c s . T h i s c l „ b e d o „ I b ,> ? " T ' ' T 8 ' " i „ 

i - ai = zi_ai 
y y ' (33) 

If we further assume that * represents a single input then we can also write 

a f 
O.v 0 (34) 

t t ^ t r ^ : ^ 3 l 0 P e a n d i n , e r - ' — - — * * e.g., the 

Subs i s t i ng from (34) into the numerator on the right-hand side of (33) gives 

<lv / > a.v / v • (35) 

Thus we have increasing, constant or decreasing returns ,o scale accordtng ,o whether 

<V / V 
O.v / A" 1 o r e q u i v a l e n t l y , ( 3 ( ) ) 

' V / 0 . V : r / . v . ( 3 7 ) 

rius , s the well-known result in classical economics^ tint ret,,™, , 
increasing, constant or decreasing at-inv .v,imf . t o s c a l ° a r c 
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" T h e situation is not unlike the actual use of dual variable, in i;„, ,r 

paribus assumptions of classical economics which n i l iv I , P « ' * ~ m g P 1 ^« «>' «he «•„•,„ 
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Abstract -Th i s paper develops theory and algorithms for a "multiplicative" Data Envelopment Analysis (DEA) model 
employing virtual outputs and inputs as docs the CCR ratio method for efficiency analysis. The frontier production 
function results here are of piecewise log-linear rather than piecewise linear form. 

INTRODUCTION 

In [1-31 C h a r n c s , C o o p e r and R h o d e s p r e s e n t e d a 
m e t h o d , the C C R rat io , fo r m e a s u r i n g the re la t ive 
e f f i c iency of D M U ' s (Dec i s ion M a k i n g uni t s ) hav ing the 
s a m e mult iple inpu ts and mult iple o u t p u t s . T h e essen t ia l 
c h a r a c t e r i s t i c of the C C R c o n s t r u c t i o n w a s t he r educ t i on 
of the mult iple ou tpu t -mul t ip l e input D M U si tua t ion to 
that of single vir tual o u t p u t s and vir tual inputs . Fo r 
the se , the ra t ios of vir tual o u t p u t s to vir tual inputs could 
be used to define re la t ive e f f ic iency in a m a n n e r similar 
to that in eng inee r ing p rac t i ce . 

A l though it w a s u n d e r s t o o d f r o m the first that the 
" a d d i t i v e " c o m b i n a t i o n s of o u t p u t s o r inpu t s to ach i eve 
v i r tua l o u t p u t s and inpu t s w a s not t he o n l y w a y of 
o b t a i n i n g vir tual single o u t p u t s and inpu t s , to da te n o 
o t h e r w a y has been s tud ied . It is t he p u r p o s e of this 
p a p e r to p resen t a " m u l t i p l i c a t i v e " c o m b i n a t i o n a l 
m e t h o d . As will be s e e n , it has a t h e o r y s imilar to tha t of 
the C C R rat io and its Da ta E n v e l o p m e n t Ana lys i s bu t 
o n e w h i c h is s impler in ce r t a in r e s p e c t s , w h i c h c a n p r o v e 
a d v a n t a g e o u s in app l i ca t ions , i n t e r p r e t a t i o n s and e x t e n -
s i o n s of o the r t heo r i e s . 

A MULTIPLICATIVE EFFICIENCY MODEL 
A s in [1], s u p p o s e t h e r e a re n D M U ' s a n d the the jth 

D M U h a s o u t p u t v e c t o r Yf wi th s o u t p u t s and inpu t 
v e c t o r Xt wi th m i npu t s . S u p p o s e t ha t o u r m e a s u r e s of 
i n p u t s a n d o u t p u t s a r e s u c h tha t all in o u r " s a m p l e " o n 
n D M U ' s h a v e va lues g r ea t e r t h a n u n i t y . 

T o d e t e r m i n e the re la t ive e f f i c iency of D M U 0 wi th 
i n p u t - o u t p u t pair (X0f V0), w e f o r m the " m u l t i p l i c a t i v e " 
v i r tual o u t p u t s and inpu t s f o r the D M U ' s a s fo l l ows : 

f l and ft n. (1) 
r~I / - I 

tThis research is partly supported by ONR contract N00014-8I-
C-0236 and USARI contract MD--903-81-C-0365 with the Center 
for Cybernetic Studies, The University of Texas at Austin. 
Reproduction in whole or in part is permitted for any purpose of the 
United State* Government. 

This construct ion is analogous to a geometric mean 
construct ion in that wc take the exponent s /i, and r, to 
be non-negat ive , and in order th.it they all be posit ive (to 
avoid Pareto inefficiencies) we requite them to be not 
less than unity. 

The relative eff ic iency of D M U 0 will then be given as 
the maximum of the ratio of its virtual output to viitual 
input subject to the condit ion that the virtual output to 
virtual input ratio of all D M U ' s be less than or equal to 
unity i.e. w e so lve the problem 

max ft V " / , ; / n AW, 

s.t. n y ^ / U w i ' ^ j \ « 

fJLr I , r - I v 

v, > 1 , 0 = 1 , . . . , m. 

Taking logarithms (to any base) , this may be written as 
the linear programming problem 

% m 
max Y fx, Yro - X1(, 

i i n 

S.t . ¿ M r - 0, / = 1 /I (3) 
JT\ 

~flr ^ ~ I, r~ I, . . ., V 

~ i>i < - 1, t = 1, . . m 
where the caret sign ( ) denotes logarithms. More com-
pactly this can be written as 

max fi1 Yu - vlX{) 

s.t V K ~ v r X < 0 

223 
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w i t h d u a l 

s . t . Y\~ - Y() 

- XA - = - Xo 

A, s \ s > 0 

~ X u A — ~ Xo 
(5) 

c o r r e s p o n d i n g t o th is b a s i c s o l u t i o n . T h e r e b y 

^ V X o + aÎ, i - ^ V X ^ A f i ) 

a n d 

(6) 

(4.2) 

w h e r e . . . . Y„l X * [ A ' , X „ | and t he e v  

a r e r o w v e c t o r s of o n e s of t h e a p p r o p r i a t e s i zes . 
E v i d e n t l y (4.2) is a D E A ( D a t a E n v e l o p m e n t A n a l y s i s ) 

p r o b l e m w i t h t h e c o n e o n t h e D M U v e c t o r s e n v e l o p i n g 
Ko f r o m a b o v e , e .g . Yk > Y'0 and e n v e l o p i n g X 0 f r o m 

b e l o w e .g . A'A £ X„. It is a s imp le r e n v e l o p m e n t t h a n tha t 
f o r t h e C C R ra t io m o d e l . F u r t h e r , i ts log-e f f i c iency is 
g i v e n so le ly in t e r m s of t he o p t i m a l s l a c k s in (4.2), 
w h e r e a s t h e C C R e f f i c i e n c y v a l u e a l so i n v o l v e s a c h a n g e 
in i n t e n s i t y of t he X 0 v e c t o r . 

CHARACTERIZING EFFICENT DMU'S 

S i n c e t he o p t i m a l f u n c t i o n a l va lue in (4.2) is the log-
e f f i c i e n c y of DMU,» a n d a D M U is e f f ic ien t if and on ly if 
it h a s a log-e f f i c i ency of z e r o , w e h a v e t h e r e s u l t , 

Th co re IH I. D M l J o is ef f ic ien t in an o p t i m a l s o l u t i o n of 
(4.2) iff all s l a c k s a r e z e r o . 

A g a i n , a s in the C C R r a t i o m o d e l , t he e f f i c i e n c y r a t ing 
of a D M U is c h a r a c t e r i z e d b y a c e r t a i n s u b s e t of e f f ic ien t 
D M U ' s . F o r , 

Theorem 2. If D M U * a p p e a r s in an o p t i m a l b a s i c so lu-
t ion t o (4.2) , t h e n D M U * is e f f i c ien t . 
Proof. T h e log -e f f i c i ency p r o b l e m of D M U * r e p l a c e s t h e 
r ight h a n d s ide in (4.2) b y ~ A * ) . r A n o p t i m a l b a s i c 
s o l u t i o n f o r D M U , , w h i c h c o n t a i n s t h e b a s i s v e c t o r ( 9 k t 
- X * ) r is f e a s i b l e f o r t h e D M U * p r o b l e m wi th Kk ~ 1, 
A, = 0 , j* k a n d s\ s » 0 . It is a l s o o p t i m a l s i nce the 
d u a l e v a l u a t o r s d o not i n v o l v e t h e r igh t h a n d s ide . T h u s , 
D M U * h a s l og -e f f i c i ency z e r o . 

A l s o , a s in t h e C C R r a t i o m o d e l , w e c a n p r o j e c t a 
D M U o n t o t h e e f f i c i e n c y f a c e t w h i c h d e t e r m i n e s its 
e f f i c i e n c y , f o r 
Theorem 3. If t h e c o e f f i c i e n t v e c t o r s of s%\ a r e 
b a s i c s l a c k v e c t o r s in a n o p t i m a l b a s i c s o l u t i o n of (4.2) 
f o r DMUo, t h e n r e p l a c i n g ( ? « , - W b y (Vi, + j f , \ 
- A%„ + s% )T y i e lds a n e f f i c ien t DMU. 

Proof. I f . s * \ s*~ = 0 , DMUo is e f f i c i en t . If eTs*t + 
ers* > 0 , t h e n DMU0 is n o t e f f i c i en t . B y T h e o r e m 2, its 
o u t p u t - i n p u t v e c t o r c a n n o t be^ p a r t of th i s o p t i m a l b a s i s 
f o r it . E v i d e n t l y t h e v e c t o r ( } ' 0 + s%\ - X « + s% )' a s a 
r igh t h a n d s ide v e c t o r is f e a s i b l e f o r th i s b a s i s a n d wi th 
z e r o s l a c k s . T h u s , a f o r t i o r i , t h i s b a s i c s o l u t i o n is a l so a 
b a s i c s o l u t i o n w i t h b o t h t h e r ight h a n d s ide a n d le f t h a n d 
s ide ( ft, ~ Xo) 1 r e p l a c e d b y t h e n e w v e c t o r . 

T o c o n f i r m tha t th i s b a s i c s o l u t i o n is still o p t i m a l f o r 
t h e n e w p r o b l e m , w e n e e d o n l y v e r i f y t ha t t he dua l 
e v a l u a t o r s ( / i \ *'*) s a t i s f y t h e n e w c o n s t r a i n t in the dua l 
p r o b l e m . N o w o u r o ld o p t i m a l s o l u t i o n is t h e ( u n i q u e ) 
s o l u t i o n t o 

M*7 ( Yn + s f t ) - r* 7 (Xo - .vf, ) - - ^ rXH)Afi 
- 0 

as required to verify basis opt imal ly in he new problem. 
Thus, the "projection *>of the (- A«, K„) of DMU,, onto 
( - Xo -f sf{ , V'o-i sh') is a projection onto the efficiency 
facet spanned by the efficient DMU's which determined 
DMUo's efficiency. 

COMF1'TATION OF EFFICIENCY 
To compute the relative efficiency of the DMU's , we 

suggest using the DEA side of (4.2) for the n linear 
programs to be computed. Notice that they differ from 
one another only in the right hand side vector, a sim-
plication from the computational situation for the CCR 
ratio model. 

As before, however , we can immediately specify a 
feasible basis for DMU,,. Here it differs from a diagonal 
matrix only in one column, 

Vo 
- Xo 

' 0 1 
0 - /J (H) 

w h e r e t h e " J ? " s u b s c r i p t d e s i g n a t e s t h e c o l u m n v e c t o r s 

w h e r e / d e s i g n a t e s a n (s - t ) x(s - I) iden t i ty m a t r i x 
w i t h an a d d i t i o n a l first r o w of z e r o e s . W e n o t e , p a r e n -
the t i c a l l y , t h a t t he i n v e r s e of (8) c a n be wr i t t en exp l i c i t l y 
as 

f VoVM! / 01 
L - X O V H ! O - / J W 

w h e r e f 0 d e n o t e s V« w i t h y l 0 r e p l a c e d by un i ty . 
T o s p e e d u p c o m p u t a t i o n wh i l e m a k i n g a c c e s s i b l e t h e 

ef f i c ien t f a c e t i n f o r m a t i o n c o r r e s p o n d i n g to DMU0, w e 
p o i n t o u t t h a t b y T h e o r e m 2 o n r e a c h i n g an o p t i m a l b a s i s 
f o r DMU0, a n y DMU„ in th i s b a s i s is ef f ic ient a n d its 
d u a l e v a l u a t o r s a r e t h o s e c o r r e s p o n d i n g to DMUo! T h u s 
w e d o n o t n e e d to s e p a r a t e l y c o m p u t e an o p t i m a l t a b l e a u 
f o r DMUW. W e n e e d o n l y r e c o r d t he s l a c k s f o r DMU0, 
i ts d u a l e v a l u a t o r v e c t o r a n d w h a t its s u b s e t of e f f i c i en t 
DMU /s is a n d p r o c e e d to c o m p u t e log-ef f ic iency f o r t he 
r e m a i n i n g u n r e c o r d e d DMU's. F u r t h e r , a n y DMUP not 
in t h e b a s i s , bu t w h i c h h a s z e r o is a l s o 
in t h e s a m e e f f i c i en t f a c e t . F o r , it is an a l t e r -
n a t e o p t i m u m w h i c h c a n b e p i v o t e d in to t he bas i s . B u t , 
s i n c e t h e o ld d u a l e v a l u a t o r s a r e still dua l e v a l u a t o r s f o r 
it, n o a d d i t i o n a l c o m p u t a t i o n n e e d be m a d e . T h u s , s u c h 
DMU /s c a n a l s o be r e c o r d e d as c o r r e s p o n d i n g t o 
DMU„. 
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A new multiplicative efficiency formulation is developed wherein the efficiency values are invariant under changes in the 
units of measurement of outputs and inputs. It is shown that the associated Data Envelopment Analysis (DEA) implies that 
optimal envelopments are of piecewise Cobb-Douglas type. This leads to a new method for estimating frontier production 
functions of Cobb-Douglas type. 

Multiplicative efficiency, log efficiency, data envelopment analysis, piecewise Cobb-Douglas forms, production functions 

1. I n t r o d u c t i o n 

In [1], Charnes, Cooper, Seiford and Stutz 
(C2S2) develop a multiplicative (or log) measure 
of the relative efficiency of multiple input, multi-
ple output productive (or 'decisionmaking*) units 
(DMU's). In contrast to the CCR measure [2,3], 
the multiplicative measure obtained in [1] is not 
invariant under change of units in the inputs or 
outputs. We show here how by a simple change 
preserving the multiplicative format a units in-
variant multiplicative measure can be obtained. 
Interestingly, the Data Envelopment Analysis 
(DEA) associated with this new modification nec-
essarily yields optimal envelopments by Cobb-
Douglas functions, i.e., the efficiency surface is 
piecewise Cobb-Douglas rather than merely log-
linear! This uncovers a new role for Cobb-Doug-

* This research is partly supported by ONR Contract N00014-
81-C-0236, USARI Contract MDA-903-81-C-0365, AF Con-
tract F49642-82-C0129 with the Center for Cybernetic Stud-
ies, The University of Texas at Austin; also ONR Contract 
N00014-80-0131 with Carnegie-Mellon University School of 
Urban and Public Affairs. Reproduction in whole or in part 
is permitted for any purpose of the United States Govern-
ment. 

las functions 1 - they are necessary for the units 
invariant property of a multiplicative measure. 

2 . U n i t s i n v a r i a n t m u l t i p l i c a t i v e e f f i c i e n c i e s 

The C2S2 multiplicative model reduces the in-
put-output quantities to single virtual output to 
input ratios. If we now introduce an additional 
virtual output multiplier and virtual input multi-
plier, we obtain the following form for our prob-
lem to measure the efficiency of DMU, relative to 
all the n DMU's: 

max ^ ^ n y ^ o J / J ^ n ^ o ' ) , 

s . t . p n T j ^ y = 1 , . . . , a; , 

(1) 

with variables 

— y < 0 , - / i r < - 8 , - 5 V r , / , 

1 Other properties relating Cobb-Douglas forms to more gen-
eral classes of functions are examined in [5J. 
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XfJ the /th input of DMUI, YrJ the rth output of 
DMUy, where 5 > 0 and DMU0 is one of the n 
DMU's in the constraints. 

The rj and £ are respectively the additional 
virtual output and virtual input 'multipliers' (ex-
ponents would be a more accurate designation) for 
the added output ' e ' and input while the jur 

and vi are those for outputs YrJy j = 1,. . . , / j , and 
inputs XiJyj= 1,...,/!, respectively. The outputs 
and inputs are all positive. The rationale of the 
'exponentiation* and multiplication of these to ob-
tain single 'virtual output' to 'virtual input' ratios 
as well as the relation of this multiplicative mea-
sure to the earlier 'additive' CCR measure is more 
fully explained in [1J. 

Suppose the units in the outputs and the inputs 
are changed so that Yrj becomes arY and XtJ 

becomes bi XtJ where ar% bt > 0 Vr, /. (Note ar or 
bt = 1 corresponds to no change in those units.) 
Problem (1) becomes 

m a x 
V r / r \ i / i 

s . t . ) n * ; / < 

\ r J r \ j J j 
j - 1,...,«, 

- t? < 0 , - ¿ < 0 , - f j r < - 5 , 
-8 Vr,/. (2) 

If (1) has optimal value £(1) with 77*, /x*, P* 
an optimal solution, then we have exp(?})=* 
K cxp(r)/nra^\ cxp(|) - K e x p t f ' J / T W , 
p* (where K> 0 assures p> 0) is 'feasible' for 
(2) with value £(1). Hence for (2) the optimal 
value £(2) < £(1). Similarly from an optimal solu-
tion fj, p, P to (2) we construct a feasible 
solution to (1) with value £(2). Thereby £ ( 1 ) < 
£ ( 2 ) < £ ( 1 ) , i.e. the efficiency value is invariant 
under change of units. 

The Cobb-Douglas property 

Taking logarithms in (1) and going to vector 
matrix notation as in [1], we obtain the dual linear 
programming problems: 

m a x + IITY0-PtX0, 

s.t. 4 e T - ^ T + / i T i r - y T i r < 0 , 

August 1983 

V» -L - M T < 0 ; - / X T , -pT<8eT; 
(3-1) 

min —8eTs + — 8eTs~, 
s.t. e

T\-6+= 1, -eT\-0~= - 1 , 
Y\-s+= F0, -X\-s~= -XQy 

+ + 0. (3-II) 

Here (3-II) represents the DEA side of the 
efficiency problem. Adding the first two equations 
in (3-II), we obtain - 0 + - 0 - = O . Since 0~>O 
we must have 0 + = 0~ = 0. Thus (3-II) reduces to 

min -8e]s*— Se1^ - , 
s.t R0 , -x\-s~= -A;

)
,£>

t

A= I, 
+ 0. 

(4) 

Thereby we have Y0 and XQ enveloped by convex 
combinations of the YJy Xr With optimal solutions 
X*, J * * , we can write 

j-» y - i 

where = 1, and by resp. Xf*% we mean 
( . . . , Y$) T resp. ( . . , X%)T. Thus our op-
timal envelopments are by Cobb-Douglas func-
tions with X* > 0 implying that DMUy is efficient, 
i.e., DMU0 is associated with the efficiency surface 
'facet' spanned by those DMU^'s for which X* > 0. 

We note further that the simplified dual pro-
grams corresponding to (3) are now 

m a x JXT Y0 — PtX0 4- <0, 

s.t. nTY-rTX+ueT< 0, (6-1) 

min -8ers+— 8eTs~> 
s.t. r 0 , -ATX~5-= * J > 1. 

\,s \s~> 0. 
(6-II) 

These results present us with a new method for 
estimating piecewise Cobb-Douglas production 
functions directly from empirical data. The form 
of (6-II) in contrast to that of [4] is also suffi-
ciently simple that one can anticipate that the 
mathematical statistics of this type of Cobb-
Douglas estimation may well be developed in the 
near future (see also the Appendix in [3]). 
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, -vT<SeT; 

(3-1) 

>'= -1, 
= ~X0, 

(3-II) 

)EA side of the 
rst two equations 
. Since 0 
3-II) reduces to 

(4) 

loped by convex 
optimal solutions 

we mean 
) . Thus our op-
- Douglas func-
MUy is efficient, 
fficiency surface 
jr which\* > 0. 
lified dual pro-
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APPENDIX C 

1. "Axiomatics of Efficiency Reference Sets," by Charnes, Cooper, Rousseau and Semple. 

2. Galley copy of article by Banker, Charnes, Cooper and Maindiratta. 

3. Journal of Marketing article by Charnes, Cooper, Learner and Phillips. 


