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Abstract

In this paper we describe a complex in-
formation processing system, which we call the
logic theory nachine, that is capable of dis-
covering proofs for theorems in symbolic logic.
This system, in contrast to the systematic al-
gorithms that are ordinarily employed in compu-
tation, relies heavily on heuristic msthods

. similar to those that have been observed in
human problem solving activity. 7The specifi-
cation is written in a formal language, of the
nature of a pseudo-code, that is suitable for
coding for digital computers, However, the
present paper is concerned exclusively with
specification of the system, and not with its
realization in a computer,

The logic theory machine is part of a pro-
gram of research to understand complex informa-
tion processing systems by specifying and syn-
thesizing a substantial variety of such systems
for empirical study.

Introduction

In this paper we shall report some re-
sults of a research program directed toward the
analysis and understanding of complex informa-
tion processing systems. The concept of an in-
formation processing system is already fairly
clear and will be made precise in Section I, be-
low., The term 'complex'! is not so easily dis-
posed ofj but it is the crucial distinguishing
characteristic of the class of systems with
which we are concerned,

We may identify certain characteristics of
a system that make it complex: '

1. There is a large number of different
kinds of processes, all of which are important,
although not necessarily essential, to the per-
formance of the total system;

2. The uses of the processes are not fixed
and invariable, but are highly contingent upon
the outcomes of previous processes and on informa-
tion received from the environment;

‘3. The same processes are used in many
different contexts to accomplish similar func-
tions towards different ends, and this often re-
sults in organizations of processes that are
hierarchical, iterative, and recursive in nature.

Complexity is to be distinguished sharply
from amount of processing. Most current comput-

* ing programs for high speed digital computers
would not be classified as complex according to

1mne authors are indebted to Mr. J.C.Shaw of
the RAND Corporation, who has been their part-
ner in many aspects of this enterprise and
particularly in undertaking to realize the log-
ic theorist in a computer——work that will be
reported in subsequent papers.

the above criteria, even though they may involve
a vast amount of processing., In general they
call for the systematic use of a small number of
relatively simple subroutines that are only
slightly dependent on conditions. In order to
distinguish such systematic computational proc-
esses from the processes we regard as complex, we
shall call the former algorithms, the latter
heuristic methods. The appropriateness of these
terms will become clearer as we proceed.

One tactic for exploring the domain of com-
plex systems is to synthesize some and study
their structure and behavior empirically, This
paper provides an explicit specification for a
particular complex information processing system
--a system that is capable of discovering proofs
for theorems in elementary symbolic logic. We
will call the system the Jogic theorist (LT),
and the language in which it is specified the
logic language (LL). This system is of interest
for a number of reasons., First, it satisfies
the criteria of complexity we have listed above.
Second, it is not so large but that it can be
hand simulated (barely). Third, the tasks it
can perform are well-known human problem solving
tasks—~it is a genuine problem solving system,
Fourth, there are available algorithms, and a
realization of at least one of these algoritims
(the Kalin-Burkhart machine),< that can perform
these same tasks; hence, the logic theorist pro-
vides a contrast between algorithmic and heuris-
tic approaches in performing the same problem
solving tasks, »

The task of this paper, then, is to specify
LT with sufficient rigor to establish precisely
the complete set of processes involved and ex-~
actly how they interact. This is a lengthy and
somewhat arduous undertaking but one that the
authors feel is required in the present state of
knowledge. As a result, the paper largely ab-
stains both from comment on the more general sig-
nificance of the ideas and techniques introduced,

and from relating these to contemporary work.3

The plan of the paper is to give, in Section
I, a description of the language, LL, in which LT

2 546 B. V. Bowden*

3We should like to make general acknowledgment of
our indebtedness for many of the ideas incorporat-
ed in LL and LT to two areas of vigorous contem-
porary research activity: (1) to research on
automatic programming of digital computers, for
the approach to the construction of LL; and (2)

to research on human problem solving, for the
basic structure of the program of LT, In addi-
tion we should like to record a specific indebted-
ness to the work of 0.G.,Selfridge and G.P.Dinneen
on pattern recognition, which clarified many basic
conceptual issues in the specification and realiza
tion of complex information processes.
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will be specified. In Section II there is given
a verbal description of LT, which is closely e-
nough tied in to the formal program to motivate
most of the latter. Finally, in Section III, the
program is given in full detail,

I

Language for Information Processing Systems

The two major technical problems that have
to be solved in studying information processing
systems by means of synthesis may be called the
specification problem and the realization problem.
To study all but the simplest of such systems, it
is necessary to make a complete and precise state-
ment of their characteristics., This statement,
or specification, must be sufficiently complete
to determine the behavior of the system once the
initial and boundary conditions are given. An
example, familjar to mathematicians, is a system
specified by n first order differential equations
in n variables,

Once the specification has been given, a
second problem is to find or construct a physical
system that will behave in the manner specified.
This can be'a trivial or an insurmountable task.
For example, it is relatively easy to find elec-
trical circuitry that will behave like a system
of linear differential equations; it is rather
difficult to represent by circuitry most kinds of
nonlinear systems, We will call the problem of
finding or constructing the physical system the
realization problem, and the particular physical
system that is used the realization.*

Although this paper is concerned exclusively
with the specification problem, the form of lan-
guage chosen is dictated also by the requirements
of realization. Since an important technique for
studying the behavior of complex systems is to
realize them and to study their time paths em-
pirically under a range of initial and boundary
conditions, they must be specified in terms that
make this realization relatively easy.

The high speed digital computer is a phys-
ical system that can realize almost any informa-
tion processing system and our research is ori-
ented toward using it., Its limitations are in
overall spsed and memory, rather than in the
complexity of the processes it can realize. The
machine code of the computer is the language in
which a system must ultimately be specified if it
is to be realized by a computer. Conversely, how-
ever, once the system is correctly specified in
machine code, the realization problem is essen-
tially solved; for the computer can accept these
specifications, and will behave like the system
specified,

The machine code, alt.hough suitable for
communicating with the computer, is not at all
suitable for human thinking or communication

bive prefer "realization" to "simulation," for the
latter implies that what is being imitated is an-
other physical system. Since the specification

is an abstract set of characteristics s not a phys-
ical system, it is not correct to speak of "simm-
lating" the specification.

about complex systems, For these purposes, we
need a language that is more comprehensible (to
humans), but one that can still be interpreted by -
the computer by means of a suitable program.
Technically, such a language is known as a pseudo-
code or interpretive language. Hence the two
problems of specification and realigation of an
information processing system are subsumed under
the single task of describing the system in an
aprropriate pseudo-code.

This paper is concerned solely with specify-
ing the system of LT.. The particular language,
LL exhibited here has not been coded for a comput-
er. However, one very similar to it, which is
less convenient for exposition, is in the process
of being coded and will be the subject of later
papers. Here, no further mention will be made of
the relation of the logic language to computers,

The terms of the language that are undefined-
-its primitives--determine implicitly a set of
information processes that are to be regarded as
elementary and not reducible, within the language,
to simpler processes. The more complex processes
are to be specified by suitable combinations of
these elementary processes. Generally speaking,
the elementary processes in LL are of the nature
of information processes: that is, their inputs
and outputs are comprised of symbolized informa-
tiono

Information Processing Systems:
Basic Terms

An information processing system, IPS, con-
sists of a set of memories and a set of informa-
tion processes, IP's. The memories form the in-
puts and outputs for the information processes.

A memory is a place that holds information over
time in the form of symbols. The symbols func~
tion as information entirely by virtue of their
capacity for making the IP's act differentially,
The IP's ate, mathematically speaking, functions
from the input memories and their contents to the
symbols in the output memories. The set of
elementary IP's is defined explicitly, and through
these definitions all relevant characteristics

of symbols and memories are specified.

. Particular systems can be constructed from
the memories and processes of an IPS that behave
in a determinate way once the initial information
in the memories is given (initial conditions),
along with whatever external information is stored
in the memories during the course of the system's
operation (boundary conditions), Each such par-
ticular system we call a program, IPP, Thus an
IPS defines a whole class of particular IPP's,
and conversely, an IPP consists of an IPS togeth-
er with a set of rules that determines when the
several information processes will occur, The
logic language is an IPS; the logic theorist is
an IPP, Many variations of LT could be con-
structed with the same IPS,

Symbolic Logic

The logic language handles information re-
ferring to expressions in the sentential calculus
and their prope.ties. This paper assumes some



familiarity with elementary symbolic logic,”® and
only a resume of the notation will be given.
: The sentential calculus deals with variables,
p, q, eoey A’ B, ey a, b, seey WhiCh are usu-
ally interpreted to mean sentences., These varia-
bles are combined into expressions by means of
connectives. The primitive connectives of White-
head and Russell (and ours) are "not" and
"or® (v). In this paper we shall have occasion
to use only one otheg connective: "implies" (=),
which is defined by:*%

1.0l p-+q =ger-pvaq (Read: (p implies
q) is equivalent by
definition to (n_ot.-p
or Q).) '
Coding

A logic expression, X, is represented in the
IPS by a set of elements, E, one corresponding
to each variable and to each connective (exclud-
ing the punctuation dot's and negation symbols) in
the logic expression. Each element holds a
number of symbols that refer to the various prop~
erties of the element. (Note that the term
"element" and not the term "symbol" is used in
this paper to refer to the variables and connec-
tives in logic expressions. Symbols denote prop-
erties of elements, and to each element there
correspond a number of symbols.) An example
will show what is meant by these terms.? Consider
the expression 1.7:

1.7 -p .~ q v -p ((not-p) implies (q or not-p))
The entire sequence is the expression, X(1.7).

It consists of the elements -p, », q, v, =p. The
expression may be written in "tree" form, as
follows, where the rectangles indicate the ele-
ments: :

Main |element
Left = Right
subelement P=none subelement
1 7 3. Right sub-
=P W v \\exprTssion
- - ~ —
P=L e P=R I

/ q -P )

\
‘P =R P=RR ‘

—~—
—
S e - e e —

S5For definiteness, we have used the system of A.N,
Whitehead and Bertrand Russell.3 An introduction
sufficient for our purposes will be found in D,
Hilbert and W.Ackermann,2

6

For ease of reference, we shall use the numbers
employed by Whitehead and Russell to identify
particular propositions and definitions, only
omitting the asterisk (*) that they insert in
front of the number.

7 We follow Whitehead and Russell in using dots
in place of parentheses as punctuation. It is un-

necessary here to give exact rules for numbers
of punctuation dots, :
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The main connective at the top is called the
main element, EM (1.7). The other elements are
reached through a series of Left and Right branch-
es from the main element. With each element there
is associated a subexpression, namely, the sub-
tree of which that element is the top element,
The symbols in each element provide the fol-
lowing information, which will be explained more
fully as we proceed,

Symbol
G The number of negation signs (-) before
the expression. In the figure above, two
elements--those containing the variable
p—have G = 1; all the rest have G = O,
If a negation applies to a whole ex-
pression it appears in the element asso~
ciated with that expression.
Whether the element is a variable or not.
Whether the element is free, i.e., avail-
able for substitution, This is relevant
only if E is a variable,
The connective (v or+ ), This is rele-
vant only if E is not a variable,
The name of the variable or expression.
In X(1.7), there are variables named "p"
and "q",
The position of the element in the tree,
This is represented by a sequence of L's
and R's, counting branches from the main
element, In the figure, the P for each
element is shown beneath the element.
The location of the whole expression (not
the element) in storage memory.
Whether the element 1s to be viewed as a
unit or not., The term "unit" will be ex-
plained later.

The eight symbols defined above characterize
completely each element and the expression in
which it occurs. For many purposes, however, it
is convenient to define additional symbals ("de-
scriptive symbols") that correspond to interest-
ing or important properties of expressions. In
LL, three such descriptive symbols, represented
as small positive integers, are defined. These
are:

H The number of variable places in an ex-
pression. Thus X(1,7) has three vari-
able places: P = L, RL, and RR; hence,
H(1.7) = 3.

The number of distinct variables (i.e.,
distinct names) in the expression, ignor-
ing negation signs. Since X(1.7) contains
the names "p" and "q", J(1.7) = 2, '
The number of levels in the expression,
The number of levels corresponds to one
plus the maximum number of letters in P
for any element in the expression. Hence,
K(l.7)> = 3.

Memory Structure

There are two kinds of memories, working
ries and storage memories. The major distinction
—that all information to be processed must be



brought in from the storage memories to the work-
ing memories and then returned--will be brought
out clearly when we define the elementary IP's,
Structurally, the working memories hold single
elements, E, with additional spaces for the sym-
bols H, J, and K., Hence, we can picture a work-
ing memory unit as:

W: E | ~|H|{—=|J |—=]K

The storage memories consist of lists, A list
holds either a whole logic expression or some set
of elements generated during a process; such as a
set of elements having certain properties. Each
1list of logic expressions has a location, symbol-
ized by A, The elements are placed in the list
in arbitrary order, since the information in each
element is sufficient to locate it unequivocally
in the tree of the logic expression. (The order-
ing of the list is used only to carry out search-
es.) For example, X(1.7) might be listed in the
storage memory thus:

A (1.7):

q,RL  -p,L -{v,R - [+, none| -+ |-p,RR

No limitations are imposed here on number of
memories, either working or storage. In actual
fact, the number used is not large,

Three particular lists have special locations
in storage memory that can be referred to di-
rectly in IP's: (1) the theorem list, T, of all
axioms and theorems that have previously been
proved; (2) the active problem list, P; and (3)
the inactive problem list, Q. Each list consists
of the main elements of the appropriate expres-
sions (theorems or problems, respectively) in
arbitrary order., For the rest, the storage memo-
Ty is entirely wmspecialised.

Information Processes

A term that specifies an IP is called an ip-
struction, by analogy with computer terminology.
As Figure 1 shows, an instruction consists

REFERENCE PLACES

OPERATION LEFT CENTER RIGHT BRANCH LOCATION

Fig. 1l

of an operstion part, three reference places (left,
L, center, C, and right, R), and a branch loca-
tion, B, The kinds of operations that can be
performed by an IPS will depend, first, on what
elementary IP's are postulated, and second, on
what restrictions are placed on how they can be
combined. For the moment, the exact nature of the
elementary processes is unimportant; for con-
creteness, the reader may think of the following .
as typical: transferring information from memory
x to memory y, or adding the number in memory x
to the number in memory y,

The reference places refer to the working
memories, so that the same operation may operate
on different memories at different times and

under different circumstances. The working memo-
ries will be designated by small integers, 1, 2,
essy &nd by the letters x, y, =,

No direct reference is made in an instruction
to any storage memory, except T, P, and Q. Lists
are located by the A stored within elements be-
longing to the lists; and elements within a list
are located by their relation to known elements,
An example will make this clear, A typical opera-
tion involving the storage memory is:

OPER LCRB
FR xy

which reads: Find the element that is the right
subelement of E(x)-——i.e., of the element in work-
ing memory x--and put it in working memory y.
The operation is executed thus: Working memory
x contains the A(x) that is the location of the
expression in which E(x) occurs. Memory x also
contains the symbol P(x). Since we wish to put
in y the right subelement of E(x), P(y) is bg
definition obtained by appending an R to P(x),
Hence, we can determine gf;t)l, and locate E(y) by
going to storage memory A(x) and searching the
list of its elements in order until we find the
element with the correct P, We then transfer
this element, which is the one we want, to work-

ing memory y.

Programs and Routines

The rule of combination of IP's is simple: any
one IP may follow another. We shall consider time

to be discrete, using it essentially as an index,

and shall assume that only one process occurs at
a time., We say that a particular IP has control
when it is occurring, Thus, when a sequence of
IP's occurs one after the other in consecutive
time intervals, there occurs a series of trans-
fers of control from each IP to the next in the
seqQuence,

The opsration of any IP includes a processing
component and a control component, The process-
ing component changes the memory content of the
IPS; the control component transfers control to
another IP, In some IP's, processing is the
significant component. In these the transfer of
control is independent of the memory contents at
the time the IP occurs. In certain other IP's,
control is the significant component. These do

‘not  alter memory contents, but transfer control

to various IP's depending on the memory contents
when they occur. In other IP's both processing
and control components are significant,

Control. We allow only a binary branch in
control at any one instruction. Normally, con-
trol passes in a’ linear sequence through a set
of IP's, We write this sequence vertically. Each
instruction is considered to have a location in
the sequence. For branch instructions (those in
which the control component transfers control to
one of two IP's depending on memory content),
control transfers either (1) to the next instruc-
tion in the sequence or (2) to the instruction
named in the branch locatjon, B. These locations
are designated by letters A, B, C, ... . In



Figure 2, Instruction #1 transfers controls to #2;
#2 transfers control to #3 or branches to A
(which is #4) depending on memory content; #3
transfers control to #4; #, transfers control to
#5 or branches back to B, which is #1.

Each control operation can be reversed in
gense by putting a minus sign in front of the
operation name. The effect of the minus sign is
simply to reverse the condition of transfer. That
is, if CC-A transfers to A when two spscified

numbers are equal, then -CC-A transfers to A when

these numbers are unequal.

LOCN OPER LCRB
C;..__,'y;{

e A

A—-s #,~"""9 B

elcC.

Fig. 2

Routings. We will call such a list of in-
structions with a control network a routine,
again, in direct analogy to computer terminology.
Notice that a routine satisfies our definition of
a program (IPP): if all the memories referred to
have specified initial contents, the routine de-
termines their contents at all later times cov-
ered by its duration.

If we postulate a set of elementary informa-
tion processes, each specified by an instruction,
it might be supposed that each routine would de-
fine a new (non-~elementary) information process.
This is not the case, for in LL the format of an
instruction (Figure 1) allows reference to not
more than three working memories and to not more
than one branch, Hence, only those routines may
be regarded as definitions of IP's which satisfy
the following conditions:

1. The routine contains branches to not more
than two instructions outside the routine;
2, Not more than three working memories that

are to be referred to subsequently are changed by -

the routine. This means that even though other
working memories are changed, there is no way to
refer to these ngoriea in subsequent routines.

Within these restrictions we can define a
set of new IP's in terms of the elementary IP's,
then another set of IP's in terms of both the
elementary and defined IP's, and so on; thus
creating a whole hierarchy of IP's and their
corresponding routines, The elementary IP's and
the hierarchy of defined IP's for LT are given in
Section III, and its structure as explained in
-some detail in Section II,

The restrictions imposed above on numbers of
branches and working memories in IP's have the
following two consequences for the structure of
the routines that are used to define IP's:

1. A working memory can be used only within
the routine in which it is introduced. That is,

next in order after E(y) and put it in y.

working memories introduced in a particular
routine cannot be referred to when control is in
any other routine, except as noted in rule 2.

For this reason, no ambiguity arises from using

the same names, 1, 2, ., . ., for different memo-
ries in distinet routines,

2, Within the routine that defines a par-
ticular IP, reference may be made to the working
memories that are designated in the reference
places of that IP, Let I] be an instruction that
appears in the routine defining I5. The symbols
L, C, R in I} refer, respectively, to the working
memories in the left, center, and right reference
places of instruction Iy, in whose definition I
occurs; (See, for example, the first instruction,
FEF, in the routine given in full at the end af’the
section.) Some such arrangement is obviously re-
quired if the defining routine is to have any :
connection with the instruction it defines,

Elementary Processes

In LT there are forty Sfmr different elsmantary
processes. These represent variations on eight
types of operations. The remainder of this sec-
tion will be devoted to a description of these
types, and an enumeration of the elementary proo-
esses that belong to each type. Separate, ex-
plicit definitions for each elementary IP are °
given in Section III, The first letter in the
name of an operation designates the typs to which
it belongs: A for assign, B for branch, § for
campare, F for find, N for nmrical, P for put,
S for store, and I for test.

Find instructions obtain mfomtion from
storage memory on the basis of stated relation-
ships, and put it in specified working memories.
An example, FR-x-y (Find the right subelement
of E(x) and put it in y), has already been de-
scribed. Two other Find instructions are very
similar: FL (Find the left subelement) and FM
(Find the main element).

Other Find instructions involve the ordering
relation on the lists., An example is:

OPER LCRB
FEF xy A

This reads: Find the first element in X(x)—the
expression associated with E(x)--in the list
A(x), and put this elsment in y. Then go to next

- instruction, but if no element is found, branch

to instruction A, Here the order of elements is
essential since there may be many elements in
X(x). This kind of operation is used to start a
search, and it is always combined with an instruc-
tion, m, for continuing and terminating the

search:
OPER LCRB
FEN xy A
This reads: Find the element in X(x) that is

When
such an element is found, branch to A; if none

is found, transfer control to the next instruo-
tion in sequence. FEF and FEN together allow the
familiar cycling or iteration that is a common .
feature of computing routines:



